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a b s t r a c t

To try to understand the dynamical and collisional evolution of the Hungaria asteroids we have built a
large catalog of accurate synthetic proper elements. Using the distribution of the Hungaria, in the spaces
of proper elements and of proper frequencies, we can study the dynamical boundaries and the internal
structure of the Hungaria region, both within a purely gravitational model and also showing the signature
of the non-gravitational effects. We find a complex interaction between secular resonances, mean motion
resonances, chaotic behavior and Yarkovsky-driven drift in semimajor axis. We also find a rare occur-
rence of large scale instabilities, leading to escape from the region. This allows to explain the complex
shape of a grouping which we suggest is a collisional family, including most Hungaria but by no means
all; we provide an explicit list of non-members of the family. There are finer structures, of which the most
significant is a set of very close asteroid couples, with extremely similar proper elements. Some of these
could have had, in a comparatively recent past, very close approaches with low relative velocity. We
argue that the Hungaria, because of the favorable observing conditions, may soon become the best known
sub-group of the asteroid population.

� 2010 Elsevier Inc. All rights reserved.
1. The Hungaria region

The inner edge of the asteroid main belt (for semimajor axes
a < 2 AU) has a comparatively populated portion at high inclination
and low to moderate eccentricity: it is called the Hungaria region,
after the first asteroid discovered which is resident there, namely
(434) Hungaria. The limitation in eccentricity allows for a perihe-
lion large enough to avoid strong interactions with Mars, see
Fig. 1; since the eccentricity of Mars can change, as a result of sec-
ular perturbation, in the range between 0 and 0.12 (Laskar et al.,
2004b), there is a strip shown in the figure, where this interaction
takes place, with a very obvious trend in number density from
essentially zero where the objects are Mars crossing all the time
to the maximum density where Mars crossing is a very rare event.
The high inclination also contributes by keeping the asteroids far
from the ecliptic plane most of the time, see Fig. 2.

The other boundaries of the Hungaria region are less easy to
understand on the basis of osculating elements only. However, a
dynamical interpretation is possible in terms of secular perturba-
tions, namely there are strong secular resonances, resulting from
the perihelion of the orbit locked to the one of Jupiter, and to the
node of the orbit locked to the one of Saturn. This, together with
the Mars interaction, results in a dynamical instability boundary
ll rights reserved.
surrounding the Hungaria region from all sides, sharply separating
it from the rest of the main belt.

This boundary can be crossed by asteroids leaking out of the
Hungaria region, even considering only gravitational perturba-
tions, but a small fraction of Hungaria are on orbits subject to this
kind of unstable chaotic mechanisms. Thus the region is populated
by asteroids which are, for the most part, not primordial but native
to the region, that is fragments of a parent body which disrupted a
long time ago.

The above argument fully explains the number density contrast
between the Hungaria region and the surrounding gaps, regardless
from the possible existence of an asteroid collisional family there.
Still there is a family, first proposed in Lemaitre (1994), including
(434) Hungaria, with strong evidence for a common collisional ori-
gin: this we call Hungaria family. It includes a large fraction of the
Hungaria asteroids, but by no means all of them; there is no firm
evidence for other families in the Hungaria region.

There are indications of internal structures inside the Hungaria
family. These could belong to two types: sub-families and couples. A
sub-family is a sub-group, of family asteroids more tightly packed
than the surrounding members, which results from a breakup of a
member of the original family at an epoch later, possibly much
more recent, than the family formation event. A couple consists
in just two asteroids, extremely close in the orbit space: the most
striking property is that in some cases it is possible to find a very
close approach of the two asteroids in a comparatively recent past,
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Fig. 1. Osculating orbital elements semimajor axis and eccentricity for the 5025 Hungaria asteroids currently known and observed over multiple oppositions. In this plot we
show 2477 numbered and 2548 multi-opposition Hungaria, selecting from the current catalogs (updated May 2009) the orbits with 1.8 < a < 2 AU, e < 0.2 and I < 30�. The lines
indicate where the perihelion would be at the minimum, current and maximum aphelion distance of Mars, in order of decreasing eccentricity for the Hungaria.
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Fig. 2. Osculating orbital elements semimajor axis and inclination for the same 5025 Hungaria asteroids of Fig. 1.

770 A. Milani et al. / Icarus 207 (2010) 769–794
with a relative velocity at the closest approach much lower than
the one expected for a collisional fragmentation.

All the above statements are not fundamentally new, in that
many papers and presentations to meetings have argued along
the same lines. The problem up to now was that there was no
way to obtain a firm conclusion on many of these arguments and
a rigorous proof of most statements about the Hungaria. This re-
sulted from the fact that all sort of relevant data, such as proper
elements, location of resonances, color indexes, rotation state
information, constraints on physical properties such as density
and thermal conductivity, were either lacking or inaccurate and
inhomogeneous. The abuse of the information content of these
low quality data to extract too many conclusions is a risky proce-
dure. On the other hand there are indeed many interesting prob-
lems on which we would like to draw some robust conclusions.

When the present paper was almost complete, the paper by
Warner et al. (2009) became available from Icarus online. This pa-
per contains useful work, and the main results are in agreement
with ours. However, many of the conclusions of that paper are
weak for lack of accurate data: indeed the authors have made a
great effort to make statements which can be reliable at least in
a statistical sense. Thus we have found in this reading confirmation
for the need of the work we have done for this paper, which is dif-
ferent in method and style more than in subject: our goal is to ob-
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tain rigorous results based on rigorous theories and high accuracy
data. We will clearly state for which problems we have not been
able to achieve this.

One reason for the difficulty met by all the previous authors
who have worked on this subject was that one essential analytical
tool was missing, namely good accuracy proper elements. Computa-
tions of proper elements for the Hungaria is especially demanding,
for technical reasons explained in Section 2. However, we have
found that the technique to compute synthetic proper elements,
which we have developed in the past (Knežević and Milani,
2000) and successfully used for the bulk of the main belt asteroids
(Knežević and Milani, 2003), is applicable to the Hungaria. Thus in
this paper we first present in Section 2 our computation of proper
elements, which are made available to the scientific community on
our AstDyS web site.1 Since the method to compute proper elements
actually involves a comparatively long and accurate numerical inte-
gration of the orbits of all well known Hungaria, we also provide
information on the accuracy and stability of the proper elements,
on close approaches to Mars, on the Lyapounov exponents, and an
explicit list of unstable cases.

Once the tool of proper elements is available, we can discuss in
a quantitative way the dynamical structure of the Hungaria region
(Section 3): stability boundaries, resonances and escape cases, sig-
natures of non-gravitational perturbations. Then in Section 4 we
establish the family classification, discussing escapers from the
family due to dynamical instabilities and the effects of non-gravi-
tational perturbations on the family structure. We also partially
solve the problem of a rigorous listing of membership: this by
using the only comparatively large and homogeneous data set of
color information, that is SDSS MOC, in a way which is independent
from the controversial color photometric taxonomies. In Section 5
we present the very close couples and investigate their dynamical
and physical meaning.

The availability of our new tools does not imply that we can
solve all the problems about the Hungaria: we would like to list
four problems to which we give only very partial answers.

The first problem is how to identify the Hungaria region asteroids
which belong to the Hungaria family. It is not possible to achieve this
in all cases, because the orbital information needs to be comple-
mented with physical information, too few of which is available.
We can only show a method, list a number of proven non-members,
and advocate the need for future data (see Section 4).

The second problem is the identification of sub-families inside
the Hungaria family. Although it is possible to propose some of these,
the currently available data do not allow firm conclusions. In partic-
ular the relationship, which should exist according to some models,
between close couples and sub-families can be neither proven nor
contradicted (see Section 5). The situation should improve when
much smaller Hungaria asteroids will be discovered.

The third problem is the quantitative modeling of the non-grav-
itational perturbations, especially the Yarkovsky effect. It is possi-
ble to show good evidence of secular drift in semimajor axis in the
structure of the Hungaria family (see Sections 3.4 and 4.4). How-
ever, to use in a quantitative way this information, e.g., for an accu-
rate estimate of ages for both the family and the close couples, we
would need to use other sources of information. These might come
either from additional observational constraints or from innovative
methods of analysis of the existing data.

The fourth problem is the existence of a second family in the
Hungaria region, including as members most of the objects in the
high proper inclination portion of the region. Again, only additional
data (new discoveries of high I Hungaria and physical observa-
tions) can solve this issue.
1 http://hamilton.dm.unipi.it/astdys/.
In Section 6, we discuss one reason why we think the Hungaria
region is especially important to be studied, already now and much
more in the near future. This is due to the possibility of reaching
completeness in discoveries down to very small sizes, because of
the particularly good observability conditions for the Hungaria in
the context of the next generation surveys like Pan-STARRS and
LSST. Finally, we summarize our conclusions in Section 7.
2. Proper elements

The computation of proper elements for the Hungaria asteroids
would have been very difficult, if the only available method had
been the analytic one. There are at least three reasons for this:

1. The inclination is high, thus analytical expansions with small
parameters including sin I would fail.

2. The nearby linear secular resonances give rise to small divisors,
which introduce instabilities in the analytical computations; this
applies in particular to the terms in the perturbations containing
as argument the node of the Hungaria asteroid minus the node of
Saturn, because the resonance occurs ‘‘below” the Hungaria
region, at the same semimajor axes but lower inclination.

3. Mars is close, some Hungaria even have orbits crossing the one
of Mars, and this results in divergence of most analytic
expansions.

The first two difficulties could be overcome by using a semi-ana-
lytic theory, see Lemaitre and Morbidelli (1994), but not the third
one. The best option is to use a purely synthetic approach, based
on data processing of the output from a long numerical integration.
Note that also the values of the proper frequencies, and the location
of the secular resonances, cannot be obtained with analytical meth-
ods based upon the expansion of the secular Hamiltonian in powers
of eccentricity and inclination, such as the ones used in the free soft-
ware SECRES we have made available on the AstDyS site.

2.1. Synthetic proper elements

The procedure to compute synthetic proper elements for Hun-
garia asteroids is basically the same as the one used to compute
the synthetic proper elements for the main belt asteroids. In the
following we shall briefly describe the most important steps of
the procedure, paying a special attention to details specific to the
Hungaria asteroids.

The procedure to compute the asteroid synthetic proper ele-
ments consists of a set of purely numerical procedures, collectively
called the synthetic theory. The procedure includes: (i) numerical
integration of asteroid orbits in the framework of a suitable
dynamical model; (ii) online digital filtering of the short periodic
perturbations to compute the mean elements; (iii) Fourier analysis
of the output to remove main forced terms and extract proper
eccentricity, proper inclination, and the corresponding proper fre-
quencies; for the proper semimajor axis, a simple average of the
mean semimajor axis is used; (iv) check of the accuracy of the re-
sults by means of running box tests.

The numerical integration of asteroid orbits is performed by
means of the public domain ORBIT9 software embedded in the
multipurpose OrbFit package.2 The integrator employs as starter a
symplectic single step method (implicit Runge–Kutta–Gauss), while
a multi-step predictor performs most of the propagation (Milani and
Nobili, 1988): this is possible because the eccentricity of the Hungar-
ia orbits is moderate, while the high inclination does not matter for
the truncation error.
2 Available from http://adams.dm.unipi.it/orbfit/.

http://hamilton.dm.unipi.it/astdys/
http://adams.dm.unipi.it/orbfit/


Table 1
Strongly chaotic Hungaria, with close approaches to Mars. The columns give asteroid
designation, mean semimajor axis, eccentricity, inclination obtained as final condi-
tions for the integrations, that is for epoch +10 Myr, and initial perihelion distance.
Only one asteroid ended up in hyperbolic orbit in one of our test integrations.

Asteroid a (AU) e I (�) q (AU) Remarks

5641 1.6951 0.0675 25.014 1.5615
6141 1.9003 0.1461 19.882 1.5743
9068 1.8443 0.1352 24.590 1.5759
30935 1.9010 0.0426 30.253 1.6327
33888 1.9211 0.1454 14.933 1.6792
42811 1.8285 0.0920 27.462 1.6129
123597 1.7597 0.1986 31.067 1.6318
134746 1.8846 0.1556 19.166 1.5941
139798 1.9150 0.2103 18.175 1.5824
149809 1.8619 0.1049 20.560 1.6837
1996DC2 1.7592 0.3598 32.766 1.7156
1999RJ41 1.8102 0.1285 25.263 1.5579
2002AA22 1.8697 0.1203 23.491 1.6386
2002GG2 1.9631 0.0534 4.707 1.7349
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The dynamical model used for the numerical integration is
purely Newtonian and includes seven planets, from Venus to Nep-
tune, as perturbing bodies. To account for the indirect effect of
Mercury, its mass is added to the mass of the Sun and the barycen-
tric correction is applied to the initial conditions (Milani and Kne-
žević, 1992). Integrations for all asteroids initially covered 2 Myr,
but have been extended to 10 Myr for asteroids for which results
from the short run turned out to be not accurate enough.

To generate numerical mean elements, that is asteroid elements
freed from the short periodic perturbations, we made use of the
online digital filter (Carpino et al., 1987; Knežević and Milani,
2000). In the 2 Myr integrations we set the decimation to 100
and output frequency to 200 year�1, thus achieving nearly com-
plete removal of the signal with periods up to 300 year.

The computation of synthetic proper elements includes removal
of the forced secular perturbations, identification of the proper fre-
quencies np, g, s by fitting the time series of the corresponding
arguments,3 and extraction of proper modes by means of the Fer-
raz-Mello method (Ferraz-Mello, 1981; Milani, 1994). Simulta-
neously the maximum LCE is estimated from a solution of the
variational equation with random initial displacement, by the algo-
rithm described in Milani and Nobili (1992).

Finally, we perform running box tests for proper elements and
proper frequencies, to assess their accuracy and stability in time.
The tests consist in application of the same procedure to a number
of shorter time intervals distributed over the entire span covered
by integrations; these provide a set of distinct values of elements
and frequencies allowing the computation of standard deviations.
For the 2 Myr integrations we used 11 boxes of length DT ’ 1
Myr. Note that here we made use of the dynamical model em-
ployed to compute proper elements for asteroids in the inner part
of the main belt (2.0 < a < 2.5 AU), but the time spans of the inte-
grations were longer, actually the same as for the outer main belt
asteroids (2.5 < a < 4.0 AU). This was needed to remove the effects
of many secular resonances, see Section 3.

We have extended the integration time span to 10 Myr when-
ever the results obtained from the 2 Myr integrations proved to
be insufficiently accurate or the orbits were found to be strongly
chaotic. This time span is longer than the one used for inner main
belt asteroids, but we considered this to be necessary to handle ob-
jects affected by higher order secular resonances, with periods of
several million years. Thus, we repeated the computation of proper
elements and frequencies whenever either r(ap) > 3 � 10�4 AU or
LCE > 5 � 10�5 year�1 (corresponding to Lyapounov time TL =
20,000 year; this accounts for chaotic orbits, due to mean motion
resonances). Also, the same was done whenever either r(ep) > 3 �
10�3 or r(sin Ip) > 2.5 � 10�3 (to account for the orbits affected by
secular resonances). The latter value is larger than the one used
for the main belt (1 � 10�3) in order to prevent too many asteroids
in extended integrations (see Fig. 5): obviously, given the much lar-
ger inclinations, it is not possible to obtain an accuracy as good as
in the most cases in the main belt. For the longer integrations the
output frequency of the online filter was 500 year�1, thus the sig-
nal with periods up to 750 year was removed; nine boxes of length
DT ’ 2 Myr were used to compute standard deviations of proper
elements and frequencies.
2002OP28 1.8525 0.1436 21.216 1.5752
2002RN137 1.8831 0.1817 23.893 1.5946
2002TP161 1.9000 0.1596 16.158 1.6046
2003MW1 1.8790 0.1796 23.062 1.6678
2004GO28 1.9745 0.2341 3.874 1.7219
2004LL18 1.9433 0.1460 23.689 1.7014
2004PW39 1.8696 0.1169 21.671 1.7040
2.2. Accuracy of the proper elements

The proper elements for a total of 4424 numbered and multi-
opposition Hungaria asteroids are available from the AstDyS site.4
3 The planetary frequencies are determined with essentially the same procedure on
the output of the integration of planets over 20 Myr.

4 http://hamilton.dm.unipi.it/astdys/index.php?pc=5.
We have made an analysis of the overall performance of our
procedure and of the accuracy of the results. In Figs. 3–5 we plotted
the number frequency distributions of the standard deviations of
proper semimajor axes, eccentricities and (sine of) inclinations
which give us a clear picture of the quality of the data we obtained.
Each plot is divided in such a way that the upper panel contains
histogram that covers a range of small to moderate values of stan-
dard deviation, while the bottom panel shows in more detail the
distribution of the high value tail of the distribution.

As one can easily appreciate from these figures, for all three
proper elements the vast majority of data is of very good accu-
racy. The histogram bins corresponding to the low values of the
error in proper semimajor axis and proper eccentricity are by
far the most populated ones. The situation is slightly different
with the proper sine of inclination, where we observe somewhat
larger spread of errors at the low end of the distribution. Here,
however, we have to take into account that the inclinations of
the Hungaria orbits are very high, so that these somewhat higher
errors are still small with respect to the proper values themselves:
in 99% of the cases, the RMS(sin I) < 0.007, that is the relative accu-
racy is better than 0.02. This shows the overall good relative accu-
racy of our proper elements, which can be considered entirely
appropriate for the study of the dynamical structure of the region
and even of its finer substructures, as well as for dynamical family
classification.

Really poor proper elements are found for only a rather small
number of asteroids, of the order of 1–2% in each element (see the
bottom panels of Figs. 3–5). Many of these asteroids, however, typi-
cally have more than one low accuracy proper element, so that the
number of distinct asteroids with poor elements is small. As we shall
show in Section 3, the Hungaria region is crossed by several nonlin-
ear secular resonances, giving rise to long periodic oscillations of the
mean elements and affecting the determination of the correspond-
ing proper values. Moreover, in the strip (shown in Fig. 1) where
close approaches to Mars can occur, proper elements can be
seriously degraded by the resulting chaotic effects, as discussed
below.
2005QY175 1.8881 0.1351 23.608 1.6406 Hyperbolic
2005TL15 1.8414 0.1404 23.541 1.6010
2007AY19 1.9156 0.1935 7.583 1.6133
2007YP13 1.8199 0.1454 16.788 1.6565

http://hamilton.dm.unipi.it/astdys/index.php?pc=5
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Fig. 3. Number frequency distribution of standard deviations of proper semimajor axes below (top) and above (bottom) 3 � 10�4 AU.
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A. Milani et al. / Icarus 207 (2010) 769–794 773
2.3. Chaos and long term instability

To assess the long term stability of motion of the Hungaria
asteroids, and thus implicitly also of the proper elements we de-
rived, we plot in Fig. 6 the number frequency distribution of the
Lyapounov Characteristic Exponents (LCEs) for ordered to moder-
ately chaotic bodies (top panel) and for strongly chaotic ones (bot-
tom panel). Again, there are several mean motion resonances in the
region, giving rise to chaotic instabilities.

A number of bodies in the Hungaria region have strongly cha-
otic orbits, and for 25 of them we have identified repeated close
approaches to Mars which appear to be the cause of the fast chaos
(Lyapounov times are shorter than 5000 year). Note that the orbits
being strongly chaotic, even the presence of close approaches to
Mars is not a deterministic prediction, but something with a signif-
icant probability of happening to the real asteroid (whose initial
conditions are not exactly the same as those available from the
current orbit determination by AstDyS). The list of these bodies
is given in Table 1.

The table shows that the state of the orbits at the end of the
integration time span can be outside of the Hungaria region by a
large amount: e.g., 2004 GO28 has after 10 Myr, in this experiment,
a low inclination, which is not only the result of accumulated
impulsive changes due to close approaches to Mars, but also of par-
ticularly strong secular perturbations; indeed, this asteroid has an
inclination oscillating irregularly between 1� and more than 20�.
The dynamical behavior is not predictable over such a time span;
over longer time spans is not even predictable in a qualitative
sense, with some of these objects becoming Earth-crossing, but
we cannot know which ones.
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3. Dynamical structure and stability

Let us now observe the Hungaria region in the proper elements
space, and in the space of proper frequencies; moreover, we have
available other byproducts of the numerical integrations, such as
LCE, the occurrence of close approaches, and even the detailed out-
put orbit by orbit to analyze specially interesting cases.
5 Secular frequencies for the inner planets are from Laskar et al. (2004a).
3.1. Dynamical boundaries

The question is whether the obvious gaps with extremely re-
duced number densities, separating the Hungaria region from
neighboring regions populated by asteroids, are dynamical bound-
aries, that is regions of instability. In fact, by using the proper fre-
quencies g (average rate of the perihelion longitude -) and s
(average rate of the node longitude X), we can identify the main
secular resonances in and near the Hungaria region.

From the plot of the Hungaria asteroids in the (g, s) plane (see
Fig. 7) we see that the main secular resonances, the ones already
appearing in the linear secular perturbation theories, are bounding
the Hungaria region on all four sides of the plot: the resonant val-
ues are g = g5 = 4.25 arcsec/year on the left, g = g4 = 17.92 arcsec/
year on the right, s = s6 = �26.35 arcsec/year at the bottom, and
s = s4 = �17.76 arcsec/year at the top of the figure.5 The g � g6 res-
onance cannot affect directly the Hungaria region, because the reso-
nant value g = 28.25 arcsec/year occurs for a semimajor axis >2 AU,
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and the mean motion resonances 2/3 with Mars and 4/1 with Jupiter
are in between.

The secular resonances with the smaller planet Mars are also
significant because Mars is close and also can reach a compara-
tively large inclination6; thus the cause of the gap for larger s is
the s � s4 resonance. As an example, (76802) 2000 PV27 has
s = �18.9 arcsec/year, that is s is close to s3, but shows oscillations
of the inclination with two dominant periods corresponding to
s � s6 and s � s4.

The proper inclination Ip has a somewhat lower spread than the
osculating inclination, with an evident dense core between 20� and
23� (see Fig. 8).7 In the (ap, sin Ip) plane the Hungaria region appears
to have very well defined boundaries.

The synthetic method for the computation of proper elements,
unlike the analytical one, does not provide directly the locations of
the secular resonances in the proper elements space. However, there
is an indirect way to compute such locations, as used in Milani
(1994). We can use the secular frequencies g and s, computed for
each Hungaria with the synthetic method, to fit a smooth model of
these frequencies. We have used a polynomial model obtained as a
Taylor series, centered at the values of the proper elements for
(434) Hungaria (aH = 1.9443, eH = 0.0779, sin IH = 0.3562), and trun-
cated to degree 2. That is, we have used the differences (x = ep � eH,
y = sin Ip � sin IH, z = ap � aH), then normalized by dividing by the
standard deviations of each of them (0.0210, 0.0243, 0.0412, respec-
tively) obtaining the variables x̂; ŷ; ẑ. The model which has been fit-
ted had as base functions 1; x̂; ŷ; ẑ; x̂2; ŷ2; ẑ2; x̂ŷ; x̂ẑ; ŷẑ. The fit
coefficients are given in Table 2.

This fit provides a model for the changes in the proper secular
frequencies across the Hungaria region, and by extrapolation also
somewhat outside (provided no major resonance is crossed). This
model is approximate: the RMS of the residuals (synthetic values
of the frequencies minus model values) is 0.13 and 0.06 arcsec/year
6 The inclination of the Earth, even when considered with respect to the invariable
plane, is much less than that of Mars.

7 Note that these values are not directly comparable with those of Warner et al.
(2009), because they do use long term averages, not proper elements.
for g and s, respectively. However, these uncertainties are much
less than the width of the secular resonances we are interested
in, and comparable to the uncertainty of the synthetic frequencies
as computed with the running box method. As it is clear from the
table, as well as from the intuitive idea of weaker and stronger
interaction with Jupiter, the frequency g of precession of the peri-
helion decreases for decreasing ap and for increasing sin Ip; the fre-
quency s of precession of the node increases (thus decreases in
absolute value) for decreasing ap and for increasing sin Ip. The value
of ep has less effect on the secular frequencies (because ep is smal-
ler than sin Ip in this region).

We have superimposed in Fig. 8 to the values of the proper ele-
ments for the Hungaria the lines delineating the location of the
main secular resonances which can be responsible for the dynam-
ical boundaries of the region; the secular frequencies have been
computed from the polynomial model for x = 0, that is for ep = eH,
but as seen from Table 2 the dependence from the eccentricity is
weak. The g � g5 resonance is just above the Hungaria (for
Ip > 29�), s � s6 is below on the right. On the left for higher Ip there
is the s � s4 resonance. The curved boundary below the dense core
should be due to g � g3 and g � g4 resonances, see Michel and Fro-
eschlè (1997, Fig. 2); it is not easy to decide which of the two is
more important, but anyway the two together are a dynamical
boundary.

There are some objects in the s � s6 resonance, in the lower
right corner of Fig. 8, e.g., (33888) 2000 KG21, showing very large
amplitude irregular oscillations in inclination with a period around
1.3 Myr; however, this object can have close approaches to Mars all
the time (it is included in Table 1). Very few Hungaria can be
locked in the g � g5 resonance, we have found just two: (30935)
Davasobel and 1996 DC2, with unstable orbits leading also to Mars
crossing (Table 1).

The proper eccentricity ep exhibits a similar core between 0.05
and 0.1, but with a less sharp drop of density beyond the core
boundary (see Fig. 9). We have plotted in Fig. 9 the same ‘‘Mars
crossing” line ap(1 � ep) = 1.65 AU, indicating that the average peri-
helion is at the aphelion of Mars. Objects beyond that line are Mars
crossers most of the time, but not always.
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Table 2
Fit coefficients for the synthetic proper frequencies. For each base function in column
1, the coefficients for g and s are in columns 2 and 3, respectively.

Base function g (arcsec/year) s (arcsec/year)

1 15.1286 �22.6719
x̂ �0.0077 �0.2459
ŷ �1.4199 0.4203
ẑ 0.4304 �0.8095
x̂2 �0.0075 �0.0315
ŷ2 �0.0761 0.0166
ẑ2 0.0011 �0.0155
x̂ŷ 0.0341 �0.0067
x̂z �0.0134 �0.0081
ŷẑ �0.0587 0.0136
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The proper semimajor axes are distributed between 1.8 and 2 AU,
with just one exception (2002 AA22); however, the distribution is
obviously asymmetric, with much more objects for a > 1.87 AU.
The outer boundary is controlled by the s � s6 secular resonance
(especially for low Ip) together with the 2/3 mean motion resonance
with Mars, the later as proposed by Warner et al. (2009). The effect of
the mean motion resonance can be seen as a line of objects with lar-
ger eccentricities on the right hand side border of Fig. 9: as an exam-
ple, 2005 CU5 will have the argument 3k � 2k4 �- in libration for
most of the time in the next 10 Myr, see Fig. 10. The 5/1 mean motion
resonance with Jupiter occurs for semimajor axis <1.8 AU, thus it is
not the inner boundary, which is entirely due to the instability
resulting from deep Mars crossing.

In conclusion, the Hungaria region has natural dynamical
boundaries, where strong instabilities, arising from either secular
resonances with Jupiter, Saturn and Mars or close approaches to
Mars, depopulate leaving large gaps in the phase space.
3.2. Resonances inside the Hungaria region

To identify critical locations in the phase space where reso-
nances affect the stability of the proper elements we can use the
standard deviations of the synthetic proper elements, as computed
with the running box method. In Fig. 11, we plot the Hungaria with
moderately unstable ep or sin Ip. This shows clearly at least three
features, which could be associated with the nonlinear secular res-
onances g� s� g5 + s6, 2s� s6� s4, 2g� g5� g6 and g� 2s� g5 + 2s6;
the first three are of degree 4, that is arise from terms in the secular
Hamiltonian of degree at least 4 in eccentricity and inclination
(Milani and Knežević, 1990; Knežević et al., 1991), the fourth one
is of degree 6.

For example, we investigate the strongest of these resonances
which, on the basis of the order and mass of the planets involved,
should be g � s � g5 + s6: objects with the critical argument
- �X �-5 + X6 in libration can be easily found, as an example
(43369) 2000 WP3, see Figs. 12 and 13, showing a term in eccen-
tricity with period ’3.3 Myr and an amplitude ’0.023. The corre-
sponding periodic terms in inclination have amplitude ’0.25�. This
resonance occurs for Ip around 25�, that is at inclinations higher
than the ones of the dense core (that is, the core of the family de-
scribed in the next section). By comparing Figs. 11 and 8 we see
that there is no low order secular resonance corresponding to the
lower number density around sin(Ip) = 0.4, which cannot be inter-
preted as the result of some dynamical instability.

The presence of the nonlinear resonance 2s � s6 � s4 with argu-
ment containing the node of Mars is not surprising, because of the
important role played by the relative position of the orbital planes
in decreasing the interaction. However, to prove that this reso-
nance is responsible for the observed instability of the proper ele-
ments is not easy, because of the complex behavior of Mars
inclination and longitude of node (with the inclination with respect
to the invariable plane occasionally passing through zero). Thus we
have resorted to a negative proof: we have recomputed the orbits
of the Hungaria with node frequency �22.5 < s < �21.5 arcsec/year
in a dynamical model without Mars, and found that the increased
instability of proper elements does not occur at all around
(s4 + s6)/2 = �22.05 arcsec/year. Thus the resonance which causes
the instability must contain the secular frequencies of Mars, and
the one we have proposed is the lowest degree one.
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The nonlinear secular resonances do not result, by themselves,
in a significantly increased dispersion of the proper orbital ele-
ments, because these resonances are effective only on narrow
bands within the Hungaria region.

The Hungaria region is also crossed by many mean motion res-
onances, which appear as channels within a narrow range of ap

along which ep, Ip can diffuse. This is particularly evident in the
dense core corresponding to the Hungaria family, and is the same
phenomenon already known for main belt asteroid families (Kne-
žević and Milani, 2000, Figs. 10 and 11). A clear example of this,
for ap ’ 1.9068 AU, is shown in Fig. 14.
We have selected as example the Asteroid 2001 TH13, which
should in the past have been in the Hungaria dense core, while
now its osculating eccentricity can reach deep Mars-crossing levels
(up to 0.22). Fig. 15 shows the large oscillations in the mean semi-
major axis (filtered in such a way that periods up to 300 year are
removed) over the last 2 Myr. At least three different mean motion
resonances are involved, but the one dominating in the last 1 Myr
is the 5/7 resonance with Mars.

This is better seen from Fig. 16, showing one critical argument
of this resonance, with long episodes of libration (horizontal seg-
ments) in the last million years, preceded in the previous million
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years by libration in at least two other resonances, most likely 3-
body ones (inclined segments). This orbit is clearly chaotic, and in-
deed the maximum LCE is estimated at 2.8 � 10�4 year�1, that is
the Lyapounov time is only ’3500 year. On a time scale longer
than our numerical integrations this object, and the other ones in
this resonance, will have deep encounters with Mars and end up
by exiting from the region. Moreover, these resonances maintain
a comparatively large dispersion of proper eccentricities for all
the objects in the Hungaria region, including those originally
belonging to the Hungaria family. If the dynamics of this object
was studied with a model including non-gravitational perturba-
tions, then we would find it entering the mean motion resonance
in the past at some lower eccentricity, then evolving along the res-
onance to higher eccentricities until escape from resonance at an
eccentricity large enough to allow for very close approaches to
Mars, followed by removal from the Hungaria region. See an exam-
ple of this kind of evolution in Warner et al. (2009, Fig. 7).

3.3. Instability and leakage from the Hungaria region

The question is how to count the Hungaria asteroids in an
unstable orbit, possibly leading outside the region. Note that the
time scales for leakage from the region must be significantly longer
than the 10 Myr of our longest numerical integrations: this implies
we have to extrapolate from a behavior which is comparatively
rare in the time span we have directly investigated. Thus we need
to identify two different categories of escapers: the ones driven,
e.g. by secular resonances, to orbital elements well outside of the
Hungaria region, and the ones in which the eccentricity grows to
Mars-crossing levels, thus they will be removed, over a time scale
much longer than 10 Myr, by perturbations resulting from close
approaches (Migliorini et al., 1998).

To assess both phenomena we use the final state of the 10 Myr
integration, which was performed for 2170 Hungaria. Note that the
other cases, which were computed for only 2 Myr, did show a sig-
nificantly better stability of proper elements and lower, in most
cases insignificant, LCE, thus we can assume they are not escapers.
The final state at the end of the integration of 10 Myr, in terms
of mean orbital elements, shows 23 asteroids with final state out-
side the boundaries 1.8 < a < 2 AU, 15� < I < 29� and e < 0.2. There
are additional 109 asteroids still in that region but with
q < 1.65 AU. Only some asteroids in these two groups are already
experiencing close approaches to Mars, see Table 1, but a close ap-
proach to Mars is a rare event because of the high inclination of the
Hungaria and also the secular evolution of the eccentricities.

The question is whether we can characterize the rate of asteroid
loss from the Hungaria region, e.g., can we estimate the half life of
the Hungaria? If we take 23 as the number of escapers in 10 Myr,
out of a sample of 4424, the fraction escaping is 0.52%, and assum-
ing an exponential behavior we obtain a half life of 960 Myr. This
number should be taken just as an order of magnitude, because
the behavior is not really exponential like that of a radioactive ele-
ment, still this value is very large and in disagreement with the re-
sults of the numerical experiments used by Migliorini et al. (1998).
One difference is that this refers to a large sample, including many
smaller asteroids, in a large majority belonging to the family (see
next section), while Migliorini et al. (1998) used the 56 Hungaria
larger than 5 km in diameter known as of 1998, out of which very
few are members of the Hungaria family (see the discussion in Sec-
tion 4 and in particular Fig. 20). Another possible source of the dis-
crepancy is that we are using an accurate numerical integrator as
opposed to an approximate symplectic integrator, which intro-
duces another purely numerical source of instability.

3.4. Non-gravitational perturbations

All the above discussion refers to a purely conservative orbit
propagation. Of course there are non-gravitational effects, mostly
the Yarkovsky effect, which have not been included in the dynam-
ical model of the numerical integrations but can make a significant
difference in the long term stability.

There are three main features in the ap histogram of Fig. 17
clearly pointing to the Yarkovsky effect (and possibly other non-
gravitational effects) as the main cause:



 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 0.18

 0  1e+06  2e+06  3e+06  4e+06  5e+06  6e+06  7e+06  8e+06  9e+06  1e+07

ec
ce

nt
ric

ity

Time (years)

43369

Fig. 13. The mean eccentricity of (43369) 2000 WP3 shows an oscillation due to the resonance g � s � g5 + s6. The maxima and minima of the periodic term in eccentricity
occur when the critical argument of Fig. 12 passes through 0�.

-200

-150

-100

-50

 0

 50

 100

 150

 200

 0  1e+06  2e+06  3e+06  4e+06  5e+06  6e+06  7e+06  8e+06  9e+06  1e+07

C
rit

ic
al

 a
rg

um
en

t (
D

EG
)

Time (years)

43369

Fig. 12. The critical argument of the resonance g � s � g5 + s6 for the Asteroid (43369) 2000 WP3, propagated over 10 Myr. A high amplitude libration with a period of ’3.3
Myr is clearly visible.

A. Milani et al. / Icarus 207 (2010) 769–794 779
(i) The spread of ap, even after removing the lower density tail
with ap < 1.87, is at least an order of magnitude larger than
the one implied by a reasonable ejection velocity from a par-
ent body which could be formed with the mass present in
the Hungaria region.

(ii) The ap = 1.9443 value of the brightest Asteroid (434) Hun-
garia, corresponds to a dip in the histogram, which shows
a significant bimodality.

(iii) The left hump, for lower ap, is significantly bigger than the
right one, for larger ap, with 2853 Hungaria in
1.87 < ap < 1.9443 and 1263 in ap > 1.9443, for a ratio 2.26.

The total volume of all the Hungaria asteroids can be estimated
as follows: the albedo of (434) Hungaria is estimated at 0.38, thus
the diameter is �12.5 km, in agreement with Shepard et al. (2008).
If we assume all the Hungaria asteroids to have the same albedo,
then the volume of all of them together can be estimated at �15
times the one of (434). Thus a hypothetical parent body formed
with all the known Hungaria asteroids would have a diameter of
about 30 km. This is a rough estimate, a more refined one should
take into account two corrections going in opposite direction.
The family members which have not been discovered yet can give
a significant contribution to the total mass, thus increasing the
diameter of the parent body. The fact that some Hungaria asteroids
have a very different (much smaller) albedo contributes to de-
crease this estimate, because these objects would be background,
not part of the collisional family. Since our goal is to obtain an
upper bound for the escape velocity, we use as an upper estimate
a diameter of 60 km (the possible increase by a factor 2 in diameter
is suggested by Durda et al. (2007)). The escape velocity from such



1.9 1.905 1.91 1.915

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

Proper semimajor axis (AU)

Pr
op

er
 e

cc
en

tri
ci

ty

2001TH13

Fig. 14. The proper elements ap and ep for the Hungaria with ap close to 1.9068 AU, which is the location of the mean motion resonance n/n4 = 5/7.

780 A. Milani et al. / Icarus 207 (2010) 769–794
a body would be uncertain because of the unknown density, but
should not exceed 34 m/s (corresponding to a density of 3 g/cm3).

Thus (i) implies that the spread has not been fixed at the origin
of the family, but must have been increased by non-gravitational
perturbations acting in a synergy with unstable gravitational per-
turbations. (ii) indicates that smaller fragments have preferentially
evacuated the neighborhood of (434) Hungaria, which cannot be
due to gravitational instabilities, not found near that value of
ap = 1.9443 AU.

The asymmetry (iii) is not due to the cut at 2 AU, because the two
lobes are very different in numbers well before the cut. The differ-
ence in apparent magnitude as seen from Earth between 1.96 and
1.90 AU is not more than 0.2 magnitudes, thus this does not justify
a difference due to observational selection more than 25–30%.

On the contrary, it is comparatively easy to explain all these fea-
tures by assuming that there is indeed a Hungaria family of aster-
oids which includes most (but by no means all) of the asteroids
belonging to the Hungaria region,8 and that such family is the result
of a collisional disruption, with (434) Hungaria as the largest rem-
nant, occurred long ago (hundreds of million years), a time long en-
ough for large non-gravitational perturbation.

A reasonable value for the Yarkovsky main effect, which is a sec-
ular change in the osculating semimajor axis, on a Hungaria with a
diameter of 1 km could be ’2.3 � 10�4 AU/Myr. This value is ob-
tained by scaling from the best estimated value for (101955)
1999 RQ36 (Milani et al., 2009), but please note that, by taking into
account all the uncertainties and the missing data to constrain
densities and thermal properties, this value could well be wrong
by factor 2 (Vokrouhlický et al., 2000, Fig. 1). Such value is also very
sensitive to the obliquity � of the rotation axis for each asteroid, in
a way which is well represented by a factor cos�: a positive value
with a maximum at ’2.3 � 10�4 AU/Myr could apply to a prograde
rotator with � = 0� obliquity, the opposite value would be the max-
imum rate of decrease for a retrograde rotator with � = 180�, with
all intermediate values possible for intermediate obliquities. The
8 Following Warner et al. (2009), we will use the expressions ‘‘Hungaria asteroids”
and ‘‘Hungaria group” to indicate all the Hungaria, but we will explicitly say
‘‘Hungaria family asteroid” for the family members; the non-family asteroids will be
called ‘‘background”.
above argument applies to the ‘‘diurnal” Yarkovsky effect, the
one due to the ‘‘seasonal” effect is typically weaker by one order
of magnitude (Vokrouhlický et al., 2000, Fig. 3).

Then most features of Fig. 17 could result as a consequence of a
preferential retrograde rotation of the Hungaria. This asymmetry
could be a consequence of the YORP effect, another form of non-
gravitational perturbation resulting in evolution of the asteroids
spin state, although a fully self-consistent theory of the evolution
of the spin state of an asteroid over hundreds of million years is
not yet available. Among the effects which contribute to the com-
plexity of the problem, there are the resonances between the pre-
cession of the node of the orbit and the precession of the spin axis
(Vokrouhlický et al., 2006c, Fig. 24): they are especially strong for
the Hungaria, due to their high I. One consequence is that these
resonances, which can occur only for prograde spin, may in combi-
nation with YORP result in reversing to retrograde spin, while the
opposite transition should not occur. Anyway, the asymmetry in
the distribution of ap is a fact, which becomes observable by using
a large enough catalog of proper elements, while the cause remains
to be firmly established.

As for the central gap, an almost zero Yarkovsky effect is ob-
tained only for a narrow range of obliquities around 90�, which
tend to be depopulated by the YORP effect, thus the gap near the
‘‘origin” of the family ap distribution (Vokrouhlický et al.,
2006a,b). The origin is very near to the ap of (434) Hungaria but
is not the ‘‘center” of the current distribution.9

To confirm these conclusions in a more quantitative way we
need some additional information on the Hungaria family popula-
tion and structure, thus this subject will be discussed again in the
next section.

4. Family classification

In order to identify possible dynamical families in the Hungaria
region, we applied the hierarchical clustering method (HCM), al-
9 We disagree with the method used in Warner et al. (2009) to compute the
‘‘origin” of the family ap distribution by using a computation of the mean value, or
even a center of mass. If the perturbations are asymmetric, the center of mass is not
conserved.
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ready used in a number of previous searches for families in the aster-
oid main belt (Zappalà et al., 1990, 1994, 1995). The HCM is based on
the idea of analyzing the proper elements space ap, ep, sin Ip, looking
for concentrations of objects that cannot be due to chance.

4.1. Selection of a metric

The first step of the analysis consists of the definition of a metric
in the proper elements space, needed to measure the mutual dis-
tances between the different objects present in the sample. A stan-
dard metric has been adopted in most family identification
analyses, such as in the papers quoted above. This metric, first
introduced by Zappalà et al. (1990), is expressed in the following
form:
D ¼ nap

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1

dap

ap

� �2

þ k2de2
p þ k3dI2

p

s
; ð1Þ
where D is the distance function and the values of the coefficients
are k1 = 5/4, k2 = k3 = 2. According to the above definition, the dis-
tance has the dimension of a velocity (expressed in m/s). In family
studies it is natural to express the distance between two objects in
terms of the difference of velocity that must be imparted to achieve
the observed difference in orbital elements, according to classical
Gauss’ equations, with plausible assumptions on the unknown
anomaly at the time of the impact. Although there is no way to se-
lect the coefficients ki such that the metric exactly corresponds to a
relative velocity at the fragmentation epoch, this metric has been
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shown in the past to be effective in the identification of families and
the results are not especially sensitive to the particular choice of the
coefficients (Zappalà et al., 1990).

4.2. Hierarchical clustering

The introduction of a metric in the proper elements space al-
lows us to analyze the clusters of objects present in a given volume
of this space: clusters are subsets of objects such that the distance
between a given member and the closest member belonging to the
same cluster is below a given distance control. Different clusters
are found at different values of the distance control, and it is useful
to examine how the objects can be grouped in clusters, and how
persistent these clusters are at different distance levels. This is
done by means of procedures extensively explained in the litera-
ture, and the results are usually expressed by means of ‘‘stalactite
diagrams”, a graphical representation first introduced by Zappalà
et al. (1990). This representation is effective in displaying how a gi-
ven population of asteroids located in a certain region of the proper
elements space tends to be distributed into a number of separate
clusters and how the numbers of objects belonging to these clus-
ters change as a function of the assumed distance level. In these
diagrams well defined families appear as deep and robust stalactite
branches, whereas non-significant groupings appear as short
branches quickly merging with larger groups at larger distances.

In the classical application of the HCM, the statistical signifi-
cance of a family, visually represented as a deep stalactite branch,
was evaluated by introducing the so-called ‘‘quasi-random level”,
namely a critical distance level that, simply speaking, could not
be attained by a random distribution of objects in a given volume
of the proper elements space.

Reliable families were identified as clusters of at least Nlim ob-
jects that could reach distances well below the quasi-random level,
being therefore interpreted as groupings of closely packed mem-
bers that cannot be produced by purely random fluctuations in
the distribution of proper elements. As explained by Zappalà
et al. (1995), the procedure of determination of the quasi-random
level and of the minimum cluster size Nlim cannot provide a ‘‘true”
solution of the problem, but different choices may be possible, that
correspond to more ‘‘liberal” or more ‘‘conservative” approaches. In
the next subsection we describe our present approach for what
concerns the quasi-random level for the Hungaria population. As
for Nlim, we have investigated different possibilities. A value of
Nlim = 15 is suggested by analogy with the corresponding values
which are adopted in different zones of the main belt, based on
the current proper element data set and adopting the same ap-
proach of Zappalà et al. (1995) to derive Nlim. In order to investigate
more in detail the possible presence of small groupings, a smaller
value Nlim = 7 has also been adopted. Figs. 18 and 19 show the cor-
responding results.

Fig. 18 shows the existing groupings including at least 15 ob-
jects at different levels of distance, with steps of 10 m/s. It is easy
to see that the Hungaria population seems to belong to one big and
fairly compact cluster, that tends to increasingly shrink as we go
down to smaller distance levels. Small sub-groupings tend to form
as we follow the main stalactite down to its lower tip, but these
sub-branches are small and short. Only at the very low end of
the main stalactite there is a complete splitting of the main cluster
into a handful of small and short branches, but based on a purely
visual inspection of the diagram none seems to be very significant.

At the top, that is for large distance, there are two small group-
ings which belong to the high inclination region: the lowest num-
bered asteroids in these groupings are (1453) Fennia and (4483)
Petofi. Fig. 19 is largely similar, showing the groupings with at least
seven objects, and, not unexpectedly, revealing the presence of a
larger number of smaller groupings that are found at different dis-
tance levels. None of them looks particularly deep and robust. A
difference with respect to Fig. 18 is the presence of a several small
groupings that are found in the upper-right region of the stalactite
system and which join the main family not even at the largest va-
lue of the distance considered, which is quite large (200 m/s). In
particular, a more detailed investigation of these small groupings
reveals that all but one of them belong to the high-proper inclina-
tion subset of the population that is visible in the upper region of
the plot shown in Fig. 8. Due to the poor statistical significance
of these groupings, however, we think that no definitive conclusion
can be drawn at this stage, and further evidence coming from spec-
troscopic observations is needed.
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Fig. 18. The stalactite diagram for our sample of Hungaria asteroids. The critical number Nlim = 15 for significant clusters has been used.
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Fig. 19. The stalactite diagram for our sample of Hungaria asteroids. In this case Nlim = 7 has been used.

A. Milani et al. / Icarus 207 (2010) 769–794 783



784 A. Milani et al. / Icarus 207 (2010) 769–794
4.3. The background problem

In the previous HCM analyses quoted in the literature (Zap-
palà et al., 1995), the quasi-random level was estimated by gen-
erating quasi-random populations of fictitious objects in a given
region of the proper elements space. These quasi-random popu-
lations were generated by assigning randomly the proper ele-
ments of each object, but with the constraint that the
resulting histograms in ap, ep and sin Ip for the synthetic popu-
lation separately fit the corresponding histograms of the real
population. In order to avoid that very compact and populous
families significantly affect the proper elements histograms of
the real population (thus also of the supposed random back-
ground), procedures were developed to first remove from the
original population objects belonging to most evident
concentrations.

The problem with the Hungaria asteroids is that the method
just described to derive a quasi-random level can hardly be ap-
plied in this case, due to the fact that we are in a situation in
which a single, very large, cluster dominates the whole popula-
tion present in this region of the proper elements space. As a con-
sequence, the procedure used in the past to derive a quasi-
random level is not reliable, being based on a circular argument:
the reliability of the family is tested against a random back-
ground, which in turn is computed by assuming the family mem-
bership. A nominal quasi-random level of 60 m/s is found by a
tentative application of the standard techniques described above,
without any a priori elimination of objects to remove any large
initial concentration. However, this result is affected by a large
uncertainty, and can be misleading, because the supposed ran-
dom background computed without removing the dominant fam-
ily is significantly more dense than the ‘‘real” background we
cannot identify.

In this situation, we do not introduce a quasi-random level for
the population, but we just point out that the obtained stalactite
diagrams are typical of situations in which a single, overwhelm-
ing cluster dominates a given population. In other words, our
HCM analysis suggests the presence of a large family in the Hun-
garia region, but the boundaries of this family, and its member-
ship, cannot be unequivocally determined. As we have seen
above, a quite liberal choice of the minimum cluster size Nlim

shows the presence of many minor sub-groupings whose statisti-
cal significance seems in general very poor. Among them, how-
ever, there are a few groupings that might be more interesting,
being formed by objects that do not belong to the core of the
Hungaria population.

Only some different pieces of evidence can be really decisive in
constraining the problem. Among these, we mention (i) the general
relation that can be found between ap, ep, sin Ip and the absolute
magnitude H; (ii) the distribution of the colors of the Hungaria
asteroids. We also note that other kind of physical information
could also be taken into account, but we must face the fact that
available data are scarce.

Gil-Hutton et al. (2007) analyzed available polarimetric data
for Hungaria objects, and they found heterogeneity in albedo,
much more than expected if the Hungaria were all to be E-class
asteroids. These findings may suggest that, even if a family is
present, it does not include the whole population of the Hungaria
region, since families are known to be as a general rule quite
homogeneous in composition (Cellino et al., 2002). The presence
of some compositionally different sub-group(s) could be likely
due to random background fluctuations, but the existence of
some smaller separate family cannot be ruled out a priori, as dis-
cussed above. However, to accept this as a rigorous conclusion we
need to investigate further by using accurate and homogeneous
data.
4.4. Family structure and its time evolution

As we have discussed in Section 3, the current distribution of
proper elements of the Hungaria, even assuming we could select
the exact membership, cannot reflect the distribution of original
ejection velocities because the changes introduced by the com-
bined effect of gravitational and non-gravitational perturbations
are by far larger.

There are few cases in which gravitational perturbations can
change macroscopically the semimajor axis, and these are limited
to very unstable regions where it is not possible to find a concen-
tration of asteroids. Thus it is simpler to analyze the case of the
proper semimajor axis ap, which in the Hungaria region essentially
changes only because of the Yarkovsky effect (apart from the few
objects with close approaches to Mars, listed in Table 1).

All the non-gravitational perturbations depend upon the area
to mass ratio, which is, for a given density, inversely propor-
tional to the diameter D. If we assume all the Hungaria aster-
oids have the same albedo and density, the value of D can be
estimated for all of the objects from H and the non-gravita-
tional perturbations small parameter is proportional to 1/D for
all. If a Hungaria asteroid is from the background, not from
the family, these estimates may well be incorrect, in particular
the value of 1/D will be smaller because the albedo could be
much smaller than 0.38.

Thus in Fig. 20 we have plotted on the abscissa the velocity
change corresponding to the change in ap with respect to (434),
according to the first term under square root in metrics (1): the
conversion factor is dV ’ 12179 dap for dV in m/s, dap in AU. On
the ordinate we have the estimated 1/D. We have also labeled
with the asteroid number the points corresponding to the larg-
est Hungaria, with diameter >8 km. The straight lines forming a
V-shape have been selected visually, with the vertex of the V at
the point with coordinates (�20, 0) because 20 m/s is a rough
estimate of the value of the Yarkovsky effect on (434), taking
into account that its spin is prograde but with an axis near
the orbital plane (Ďurech et al., 2006). As an example, an esti-
mate for the location of the hypothetical parent body in this
plot would be (�20, 1/60); however, 60 km is an upper bound,
not necessarily the actual diameter. The slopes of the two lines
are: for the positive dap, dV increases by about +750 m/s for
each increase of 1/D by 1 km�1, for negative dap, dV changes
by about �810 m/s for the same increase of 1/D.

Given the simple procedure, the values of the slopes are approx-
imate and we cannot claim to have accurately estimated the differ-
ence among the two. If the source of the V-shape was just the
distribution in cos�, the two slopes should be the same, the one
for larger ap corresponding to prograde rotators with � = 0� and
the one for lower ap to retrograde rotators with � = 180�. However,
the average ap for the lobe on the left of Fig. 17 is ’1.90 AU, the one
for the lobe on the right is 1.96. The non-gravitational perturba-
tions also contain as a factor the inverse square of the distance
from the Sun: for this effect only, the two slopes should have a ra-
tio (1.90/1.96)2 = 0.94, while the ratio with our rough measuring
method is 0.93.

These slopes can also be used to weakly constrain the age of the
family. For a 1 km diameter asteroid, the maximum prograde total
change is +0.0615 AU, the maximum retrograde change is
�0.0663 AU. If we adopt the value of 2.3 � 10�4 AU/Myr for the
maximum Yarkovsky secular perturbation on a 1 km Hungaria,
we get a value of 274 million years for the age of the family. Given
the lack of knowledge on the physical parameters controlling the
Yarkovsky effect, we conclude that a reasonable estimate could
be between 250 and 300 million years, and we do not consider that
these values are significantly in disagreement with the value of 500
Myr given by Warner et al. (2009).
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Fig. 20. The velocity metric due to difference in ap with respect to (434) vs. the inverse diameter 1/D for our sample of Hungaria asteroids, assuming the albedo is 0.38 for all.
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It should be emphasized that, if no family was present in the
Hungaria zone, there would be no reason to see a dense triangular
domain in the plot shown in Fig. 20: the plane should be expected
to be rather uniformly populated, apart from a general increase of
the number of objects going towards fainter H values, but without
any preferential pattern in terms of proper semimajor axis. Thus
the distribution found in this and in the later figures indicate that
a major fraction of the Hungaria belongs to one single family, but
this family does not include the whole Hungaria population.

Fig. 21 also suggests that one cluster dominates the population,
but the triangular domain is barely visible and the dispersion in ep

is large. The Yarkovsky effect is not expected to produce directly a
large size-dependent spreading in eccentricity. However, the Yar-
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Fig. 21. The velocity metric due to difference in ep with respect to (434)
kovsky non-gravitational secular perturbation in semimajor axis,
which is size-dependent, does result in passage through many
small mean motion resonances with temporary captures in reso-
nance which are very effective in dispersing the eccentricity. Thus
the surprisingly large dispersion in ep, which is weakly dependent
upon the size, should not be interpreted as an indication that many
asteroids belong to the background: the Hungaria with either very
large of very small ep may well belong to the family. As the exam-
ple of 2001 TH13 shows (Fig. 14), an asteroid may have a currently
large ep because of a mean motion resonance, being an escaper from
the family rather than an interloper in the family.

A very instructive opposite example is the Asteroid (2035)
Stearns, which has a large difference with respect to (434) in all
1000 1500 2000 2500 3000 3500
− e(434) (m/s)

2035

vs. the inverse diameter 1/D for our sample of Hungaria asteroids.
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three proper elements, including an extreme value of ep = 0.1760.
However, by looking at an enlargement of the (ap, ep) plot, such
as Fig. 14 but with ap close to 1.884 AU, it is possible to find evi-
dence for a mean motion resonance (probably a 3-body one) in
which several Hungaria are involved: the resonance can push up
the eccentricity, and this independently from the size of the aster-
oid. Thus, as far as the value of ep (also of sin Ip) is concerned,
(2035) could have been, in the past, in the densest core of the Hun-
garia population, and still it is not a member, that is a fragment of
the same parent body. The reason for considering (2035) as a back-
ground asteroid is that the difference in ap with (434) is by far too
large for an object of that size, as it is clear from Fig. 20. That is, an
asteroid can be excluded from the family because of its position in
the four-dimensional space (ap, ep, sin Ip, H) rather than by the
proper elements alone. Another example of this is (3447) Burchal-
ter, which has colors consistent with the same composition as
(434) (Carvano et al., 2001), and still is not a fragment of the same
parent body.

In Fig. 22 some narrower but not negligible triangular domain
can be seen; still this could not be a trace of an original size-ejec-
tion velocity relation, but has been sharply modified by subsequent
dynamical evolution. In the case of the proper inclination the
changes due directly to the Yarkovsky effect should be negligible.
However, mean motion resonances also affect the inclination,
and the same applies to the secular resonances containing the s fre-
quency. Both kinds of resonances can act in collaboration with Yar-
kovsky to generate changes in inclination, which the two effects
separately could not produce: see a very good example in Warner
et al. (2009, Fig. 8).

Still, the above dynamical and family arguments do not com-
pletely explain the distribution of sin Ip, because there appears to
be a grouping separate from the main family for sin Ip > 0.4, see also
Fig. 8. The plot, in Fig. 23, of the velocity metric due to difference in
ap vs. the inverse diameter, like Fig. 20 but limited to the Hungaria
with sin Ip > 0.4, shows that most of the high inclination Hungaria
are not part of the main family; the lowest numbered asteroid
which could belong to this possible family is (1019) Strackea.

The high inclination Hungaria do not represent a strong concen-
tration, but a rather loose grouping centered not around the origin
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Fig. 22. The velocity metric due to difference in sin Ip with respect to (43
of the Hungaria family (at �20 m/s) but more on the left (around
�600 m/s). The interpretation of this is not straightforward, and
this is in part due to the known fact that there are observational
biases against discovery of very high inclination Hungaria, thus
we cannot check whether the size distribution is typical of a fam-
ily. Moreover, the distribution of the velocity metric and of sizes
does not show a V-shape like the main family, indicating that if
there is another family, then it must be much older. On the other
hand, the non-uniform distribution and the presence of a dip in
number density for sin Ip around 0.4 appear to contradict the inter-
pretation of this population as background. In conclusion, this
could later, when much more data are available, turn out to be a
separate family.

4.5. Color information and family membership

An analysis of the available SDSS colors for the asteroids of our
sample can also be useful to infer some information on the exis-
tence and membership of a big dynamical family in the Hungaria
region. For this purpose we used the Principal Component Analysis
(PCA), which obtains, by a linear transformation, from a number of
correlated variables a smaller number of uncorrelated variables,
called principal components. The first principal component ac-
counts for as much of the variability in the data as possible, and
each succeeding orthogonal component accounts for as much of
the remaining variability as possible. In this application, the PCA
creates two linear combinations of the five SDSS colors that maxi-
mize the separation between the taxonomic types. In order to cal-
culate the first two principal components we adopted the
following relationships from Nesvorný et al. (2005):

PC1 ¼ 0:396ðu� gÞ þ 0:553ðg � rÞ þ 0:567ðg � iÞ
þ 0:465ðg � zÞ; ð2Þ

PC2 ¼ �0:819ðu� gÞ þ 0:017ðg � rÞ þ 0:09ðg � iÞ
þ 0:567ðg � zÞ; ð3Þ

where u, g, r, i, z are the measured fluxes in five bands after correc-
tion for solar colors; for the values of solar colors, see Ivezić et al.
(2001).
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4) vs. the inverse diameter 1/D for our sample of Hungaria asteroids.
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Fig. 23. The velocity metric due to difference in ap with respect to (434) vs. the inverse diameter 1/D for the Hungaria asteroids with sin Ip > 0.4.
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Fig. 24. The Hungaria asteroids with SDSS color data plotted in the plane of the first two principal components, given by Eqs. (2) and (3). The crosses mark the asteroids with
clearly different spectral properties with respect to the majority of the Hungaria: these can be reliably considered as background asteroids.
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We have used as source of data the third release of the SDSS
MOC catalog of moving objects,10 containing data for 43,424 mov-
ing objects identified with known asteroids; of these 338 are Hun-
garia. We have not used the new release 4 of the same catalog
(containing data for 104,449 known asteroids) because it includes
non-photometric nights, and to handle such inhomogeneous quality
we would need to develop a more complicated algorithm taking into
account the photometric uncertainty for each individual object.
10 http://www.astro.washington.edu/users/ivezic/sdssmoc/sdssmoc3.html.
Having computed the principal components of the measured
colors of 338 Hungaria asteroids, plotted in Fig. 24, we need to find
a way to use them to obtain reliable criteria for discriminating
family and background Hungaria. To use an existing taxonomy,
among the many ones built from multicolor photometry data,
which is in itself uncertain, would not help in giving a non-contro-
versial membership of the Hungaria family. As the most relevant
example of this problem, many Hungaria can be classified as either
X or Xe taxonomic class based on visible and near-infrared pho-
tometry, but the fact is, an X/Xe asteroid could be either an E aster-
oid, like (434), or a compositionally very different C asteroid,
depending upon the value of the albedo. Only a source of informa-

http://www.astro.washington.edu/users/ivezic/sdssmoc/sdssmoc3.html
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tion independent from multicolor photometry, such as far infrared
observations, polarimetry and radar observations, could provide al-
bedo and thus unambiguous taxonomy, but such additional data
are available for too few Hungaria.

Nesvorný et al. (2005) propose a method for classification into
taxonomic complexes such as S, C and X based on the SDSS principal
components: by using the same method we classified the 338 Hun-
garia asteroids, which are in the third release of SDSS MOC, into three
taxonomic complexes. We found that, according to this criterion,
most of the Hungaria asteroids, �84%, belong to the X-type, while
�12% belong to the S-type and only �4% belong to the C-type. Even
assuming this taxonomy of the Hungaria was as good as it can be
with multicolor photometry only, still it can be used only in a statis-
tical sense, e.g., to identified as background an asteroid classified as C
is likely to be correct but cannot be considered sure.

The first conclusion we can draw from the above discussion is
that we need to use the principal components as raw data, without
the intermediary of a taxonomy. The second conclusion is that it is
possible to exclude some objects from the family, that is to list
them as background, with good confidence, but it is generally
not possible to prove that a given Hungaria is a family member:
this because either the color data may be missing, as it is still the
case for most Hungaria, or they may exist but give ambiguous
information on the composition similarity to (434).

Our method to generate a reliable list of background Hungaria is
illustrated by Fig. 25 and is the following: we combine information
from Fig. 20, by discarding the objects lying well outside the V-
shape marked there, and from Fig. 24, by selecting an arbitrary
but safe region, such as PC1 > 0.5, containing objects which could
not possibly have the same composition as (434), and thus have
to be background. The union of the two lists of objects discarded
for these two reasons is our ‘‘safe background list”; of course some
asteroids may be considered background for both reasons. On the
contrary we are not selecting by the value of the difference in
either ep or sin Ip, because large values of these do not exclude that
the object was originally inside the dense core of the family long
time ago (as discussed in the previous subsection), and therefore
could in fact be fragment from the same parent body, if there is
no color information to contradict this possibility. The criterion
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Fig. 25. The Hungaria asteroids with SDSS color data plotted in the plane of 1/D and d
different composition with respect to the majority, which can be reliably considered as
mark the asteroids which do not belong to the family because the Yarkovsky effect is n
we have used for color-based exclusion may be slightly improved,
but the separation from the cluster visible in Fig. 24 containing
most Hungaria must be kept large enough for reliability.

In Table 3 we list the 44 Hungaria asteroids, for which the color
data are available from SDSS MOC version 3, which we exclude from
the Hungaria family and consider background. ‘‘col” indicates exclu-
sion by SDSS colors (corresponding to crosses in Fig. 25), ‘‘da” indi-
cates exclusion by value of ap and H incompatible with Yarkovsky
evolution from the neighborhood of (434) (corresponding to circles
in the figure); of course some objects are discarded for both motiva-
tions, they are marked with a crossed circle. Note that we cannot use
the ratio 44/338 as an indication of the fraction representing the
background in the Hungaria group, because SDSS, like every survey,
has a magnitude-dependent observational bias. It is clear that the
family asteroids are dominating at the smaller sizes, because of the
different size distribution estimated by Warner et al. (2009).

Looking at the distribution of the proper elements for the Hun-
garia which are not to be considered family members because of
their SDSS colors, there is a significant fraction with Ip above the
dense core of the group, including 15 objects with sin Ip > 0.4 (out
of 25 for which there are SDSS colors available). Of the 10 high
inclination objects with SDSS colors compatible with a common
origin with (434) Hungaria, 4 are also to be excluded from the main
family because of too large distance in ap for their size, and at most
6 could belong to the family as well as being background. In con-
clusion, by combining the information on color with the one from
proper elements (see Fig. 23), the high proper inclination group
cannot be considered part of the main family.

However, because of the small number statistics, it is difficult to
reach a firm conclusion on the existence of a separate family, but
we can say that if there is another family including the possible
grouping at high Ip, then it is of very different composition.
5. Very close couples

The existence of couples of asteroids with very close orbital ele-
ments has been reported many times, see Milani (1994), Vokrouh-
lický and Nesvorný (2008), and Pravec and Vokrouhlický (2009)
00 −200 0 200 400 600
a− a(434) (m/s)

V due to difference in ap with (434). The crosses mark the asteroids with a clearly
background asteroids. The V shaped boundary is the same of Fig. 20, and the circles
ot enough to reach their value of ap.



Table 3
List of Hungaria asteroids not belonging to the Hungaria family, according to either one or the other of the criteria described in the text.

Name H ap ep sin Ip PC1 PC2 Why

1727 12.62 1.8541139 0.0883008 0.3485485 0.34265 �0.01382 da
2049 14.68 1.9490889 0.0737544 0.4105409 0.55949 �0.05516 col
3169 12.37 1.8918438 0.0702169 0.3803682 0.41476 0.13721 da
3447 12.07 1.9908063 0.0514424 0.3803603 0.26326 0.03458 da
4116 13.48 1.8723042 0.1017214 0.3963218 0.43722 0.02511 da
4483 12.97 1.9225667 0.0850299 0.4335313 0.76733 �0.07709 col
4531 13.80 1.8621129 0.0576858 0.4109745 0.22201 0.12680 da
5577 13.99 1.8442805 0.0696235 0.3409321 0.87481 �0.09538 col da
5871 13.90 1.8617944 0.0496582 0.3817541 0.25235 0.19156 da
7579 13.34 1.9784511 0.0750400 0.3525987 0.59298 0.04869 col da
8825 14.20 1.8667877 0.0347522 0.3899147 0.29647 0.03701 da
9165 13.34 1.9861035 0.0921595 0.4217867 0.56441 �0.03728 col da
11437 14.01 1.8627138 0.0710539 0.4063193 0.28421 0.02839 da
13111 13.94 1.9415789 0.1056913 0.4084060 0.70134 �0.02481 col
17483 14.56 1.8532949 0.0477032 0.3770751 0.42111 �0.17139 da
17681 13.98 1.8252601 0.0217839 0.3843822 0.52236 �0.02562 col da
23615 14.42 1.9605582 0.1140930 0.3890103 0.68209 �0.28660 col
24457 14.60 1.9283138 0.0637816 0.3937007 0.58767 �0.00255 col
26916 14.06 1.9057933 0.0749970 0.4281887 0.69579 �0.03660 col da
37635 14.54 1.8541307 0.0654563 0.3610778 0.83217 �0.02332 col da
43369 14.98 1.9217882 0.0863188 0.4344706 0.73664 �0.05201 col
51371 14.57 1.8370908 0.1044790 0.3611307 0.19765 0.08240 da
52384 15.06 1.8520716 0.0966855 0.4166184 0.26426 0.07052 da
53424 15.07 1.8659568 0.0469200 0.4257507 0.83192 �0.10469 col da
53440 15.30 1.9179153 0.0848201 0.4195656 0.81436 �0.11938 col
56338 15.26 1.8265179 0.0396548 0.3283429 0.64074 0.07884 col da
63605 15.76 1.9053245 0.0800658 0.4292725 0.64624 �0.00637 col
66150 15.36 1.8620665 0.0837066 0.4068047 0.29307 0.16521 da
82074 14.65 1.9822855 0.0338654 0.3715686 0.80387 0.00553 col da
83990 15.72 1.8429160 0.0844184 0.3740273 0.20321 0.15136 da
85095 16.37 1.9258867 0.0691143 0.3562747 0.61645 �0.54397 col
2001BX61 16.63 1.9189363 0.0634420 0.4178222 0.72418 �0.19219 col
2001RR46 16.72 1.8655251 0.0531439 0.4136012 0.58726 0.18497 col da
2001SM68 17.01 1.8840444 0.0724554 0.3741516 0.60152 �1.06757 col
2001TP16 16.92 1.9871935 0.0864623 0.3391498 0.77451 0.97591 col
2001UN66 16.05 1.8997662 0.0369075 0.3992902 0.60575 0.24145 col
2002CS289 17.81 1.8861807 0.0694722 0.4383592 0.81029 �0.72640 col
2002PZ141 17.36 1.8681489 0.0512508 0.3684501 0.52643 �0.31946 col
2002QM6 16.88 1.8482364 0.0668657 0.3610398 0.18678 0.13008 da
2003BG52 17.29 1.8497485 0.0267820 0.4023059 0.72965 0.15637 col
2003QJ73 17.40 1.9088879 0.0303655 0.4014184 0.52701 �0.30475 col
2004BM111 16.44 1.8389145 0.0223020 0.3525737 0.59540 0.00043 col da
2004JA13 17.37 1.8588182 0.0762500 0.3978405 0.66143 �0.73109 col
2004PM42 17.77 1.8729659 0.0901085 0.4199964 0.65725 0.28136 col
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and references therein; however, it is difficult to discriminate the
really significant cases from couples which are close by chance,
taking into account that the distribution of the asteroids in the
orbital elements space is by no means random.11

Thanks to the set of proper elements we have computed, it is
now possible to use a simple metrics in the space of the proper ele-
ments (ap, ep, sin Ip) as a first filter to select the interesting cases. In
principle, the same algorithm could be applied to osculating orbital
elements: however, two asteroids on significantly different orbits
could happen to have very close (a, e, sin I) at some epoch, but with
very different angular variables (X, x, ‘), and then the planetary
perturbations would increase the distance in a comparatively short
time, while similarity in proper elements is stable over long times.

Of course, since there are only three proper elements, ap, ep, sin Ip,
finding a couple passing the first filter must be confirmed by a second
filter, checking the presence of close values of the variables (X, x) at
some time in the past. The couples proposed by the second filter need
to be tested by a third filter, detecting the existence of some epoch in
the past in which all six osculating orbital elements were very close,
implying the two asteroids were close in the physical three-dimen-
sional space and with a low relative velocity.
11 As a consequence, statistical likelihood estimates based on simplistic assump-
tions (e.g., Poisson distribution) are not reliable.
When the catalogs contain many sets of proper elements, as it is
the case for our catalog of 4424 proper elements sets for Hungar-
ia,12 it is useful to apply an efficient algorithm, with computational
complexity of the order of NlogN for N sets of proper elements, to
find the couples with distances lower than some control. This is ob-
tained by first sorting by one of the proper elements (we have used
sin Ip) by an efficient sorting algorithm, like bubble sorting. Then the
search of the nearest neighbor can be performed by a binary search
in the sorted list, followed by a sequence of tests on the other two
elements; in this way the overall procedure can be very fast, if prop-
erly programmed.

5.1. Selection by successive filtering

Table 4 lists the couples with a distance between proper ele-
ments sets d < 4.2 � 10�4. We have used a distance proportional
to the one we have used in the family identification, namely

d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1

dap

ap

� �2

þ k2de2
p þ k3dI2

p

s
; k1 ¼ 5=4; k2 ¼ 2; k3 ¼ 2: ð4Þ
12 It is even more the case for our catalog of 209,558 proper elements sets for
numbered main belt asteroids, available from the AstDyS site.



Table 4
Very close couples among the Hungaria asteroids, selected after filter 1: the distance d is from Eq. (4).

No. Name Name d dap/ap dep dsin Ip

1 88259 1999VA117 0.0000128 +0.0000113 �0.0000007 +0.0000011
2 63440 2004TV14 0.0000221 +0.0000013 +0.0000129 +0.0000088
3 92336 143662 0.0001015 +0.0000839 +0.0000185 �0.0000203
4 23998 2001BV47 0.0001338 +0.0001190 +0.0000005 �0.0000099
5 160270 2005UP6 0.0001498 +0.0000833 +0.0000590 �0.0000583
6 84203 2000SS4 0.0001587 +0.0000881 �0.0000122 +0.0000871
7 133936 2006QS137 0.0001714 +0.0000740 �0.0001048 �0.0000169
8 2002SF64 2007AQ6 0.0001955 �0.0001329 +0.0000879 �0.0000182
9 173389 2002KW8 0.0002341 +0.0001382 +0.0001146 +0.0000483

10 27298 58107 0.0002644 �0.0001992 +0.0000071 �0.0001006
11 115216 166913 0.0002808 +0.0002278 +0.0000668 �0.0000501
12 45878 2001CH35 0.0003034 �0.0002590 +0.0000591 �0.0000250
13 25884 48527 0.0002884 +0.0000761 �0.0001089 +0.0001616
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The factor nap we have omitted here is about 20 km/s, thus the
distance limit we have set corresponds to less than 9 m/s, a value
by far lower than what is generally used in family classification.
Still, we have found 13 couples satisfying this first filter. The ques-
tion is how accurate is this first filter, which is obtained in a frac-
tion of a second of CPU time, in predicting which couples of
asteroids are physically related.

The most striking case involves the numbered Asteroid (88259)
2001 HJ7 and the multi-opposition 1999 VA117. The synthetic prop-
er elements have extraordinarily close values, with difference in ap

of 2.2 � 10�5 AU and of the order of 10�6 in ep, sin Ip. Currently the
two objects are spaced essentially along track, with a difference in
mean longitude of ’57�. Also the second couple, formed by
(63440) and 2004 TV14, is extraordinarily close: the difference in
proper semimajor axis is comparable to the RMS of the osculating
semimajor axis of 2004 TV14. We have compared these distances
with the ones we can find in a much larger sample, including prop-
er elements for Hungaria and for numbered main belt asteroids:
the couple with (88259) still is the closest, the one with (63440)
is the sixth closest.

As a second filter, we have used the D-criterion (Drummond,
2000), a metric measuring the similarity of 5 out of 6 Keplerian
orbital elements (excluding the anomaly). Table 5 shows the re-
sults of a search, for each couple, of very low values (<10�4) of
the D-criterion value at some epoch in the last 2 Myr. The date
of this event is reported for the nominal value of the initial condi-
tions of both asteroids in the couple. Thus the couples 1, 3, 4, 5, 6, 8,
and 13 have had very similar orbits at some time in a compara-
tively recent past, while couples 7, 9, 10, 11, and 12 did not.

We have also used a set of 100 clones for each orbit of the aster-
oids in the couples, by assigning at random initial conditions with-
in the current orbit uncertainty (as expressed by the covariance
Table 5
Very close couples selected after filter 2: couples with the nearest times in the past of clo
similarity for the two nominal asteroid orbits; TCA2 is the mean and range of uncertainty of

No. Name1 H1 Name2 H2

1 88259 14.82 1999VA117 16
2 63440 14.89 2004TV14 17
3 92336 15.29 143662 16
4 23998 15.29 2001BV47 16
5 160270 16.44 2005UP6 17
6 84203 15.58 2000SS4 16
7 133936 16.10 2006QS137 16
8 2002SF64 18.41 2007AQ6 17
9 173389 16.84 2002KW8 16

10 27298 15.16 58107 15
11 115216 15.70 166913 16
12 45878 14.29 2001CH35 15
13 25884 14.26 48527 15
matrix, also available from AstDyS). In this way we have been able
to check that the conclusions on the existence of an epoch of very
close orbit similarity in the last 2 Myr is robust with respect to the
uncertainty of the orbit: this with only one exception.

The couple 2, with (63440) and 2004 TV14, is an exceptional
case because their elements X, x are already very close, thus the
D-criterion gives an enormous number of possible epochs for a
close approach. Thus couple 2 passes the second filter, that is a
low velocity close approach is possible, but we get no indication
on the epoch.

One suggestive feature in Table 5 is the following: the couples
with close orbit similarity occurring in the last 1 Myr have a differ-
ence in absolute magnitude H above 1 magnitude. Couple 5, with
DH = 0.93, has an orbit similarity but significantly earlier than
the others. All the couples with DH < 0.9 magnitudes do not pass
filter 2 (but couple 12 with DH = 1.62 is in the same category). This
is not strong evidence because of the small number statistics, but
there is some indication that couples which have been very close
in some comparatively recent past tend to have a major and a min-
or partner, with mass ratio >4.
5.2. Search for low velocity close encounters

The method we have used to find the occurrence of an actual
low velocity close approach in the last 2 Myr, with the value of
the minimum distance and relative velocity at the closest ap-
proach, is labor-intensive and we would very much like to develop
a more automated procedure; anyway what we have done is en-
ough for such a small sample of couples. Having converted the out-
put of a numerical integration for �2 Myr in Cartesian coordinates,
of course with no digital filtering, we find the dates of minimum
distance. Then we perform a shorter numerical integration, with
se orbit similarities, obtained by the D-criterion. TCA1 is the time of maximum orbit
the same times of similarity obtained with clones. H1, H2 are the absolute magnitudes.

dH TCA1 (year) TCA2 (year)

.99 2.17 �32,000 �32,588 ± 687

.25 2.34 Too many

.40 1.11 �348,850 �348,964 ± 446

.47 1.18 �406,250 �406,565 ± 887

.37 0.93 �1,734,250 �1,646,315 ± 163,035

.59 1.01 �119,159 �117,593 ± 4920

.60 0.50

.39 1.02 �108,950 �113,396 ± 12938

.99 0.15

.49 0.33

.46 0.76

.91 1.62

.75 1.49 �422,100 �422,733 ± 900



Table 6
Very close couples selected after filter 3: couples with the times in the past of a low relative velocity close approach; minimum distance and relative velocity are given.

No. Name1 Name2 dH (mag) Epoch (year) Min. dist. (km) Rel. vel. (m/s)

1 88259 1999VA117 2.17 �32,453 2633 0.12
2 63440 2004TV14 2.34 �908,100 111,099 2.60
3 92336 143662 1.11 �350,365 14,909 0.24
4 23998 2001BV47 1.18 �437,268 40,750 5.66
5 160270 2005UP6 0.93 �1,567,067 43,863 6.85
6 84203 2000SS4 1.01 �56,420 101,590 12.98
8 2002SF64 2007AQ6 1.02 �224,310 127,533 12.79

13 25884 48527 1.49 �424,250 10,616 1.38
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higher sampling frequency for the output, around these dates; if
necessary we iterate until the closest approach can be computed
with enough accuracy.

Table 6 shows the results of such procedure for the nominal or-
bits of all the asteroids involved. The results of this table are espe-
cially interesting for couples 1, 3, and 13; for couples 4, 5, 6 and 8 it
is likely that a closer approach, and with lower relative velocity,
could be found by either selecting some clones or by taking into ac-
count the Yarkovsky effect.

The case of (88259) and 1999 VA117 is the one leading to the
most interesting close approach. Indeed the osculating orbital ele-
ments, except the mean anomaly, of this couple are already close
to the point that this was noticed and extensively discussed on
the Minor Planet Mailing List in January 2008.13 Both orbits are well
determined (with RMS(a) < 6 � 10�8 AU), thus the nominal orbit is
very close to the real orbit.

The closest approach distance we have found is not much larger
than the radius of the Hill’s sphere of influence, which is less than
1000 km (depending upon the unknown density); there is no way
to exclude that the encounter was in fact the escape of the smaller
asteroid from an orbit around the larger one, although there is not
yet enough evidence to prove this. The relative velocity is an order
of magnitude less than the escape velocity (also depending upon
the unknown density, but could be 1.2 m/s).

Still, this is just the starting point for the study of this very
interesting case of asteroid couple. Non-gravitational perturba-
tions, by using the same estimates we have used in Section 3, could
change the epoch in the past at which the mean longitudes of the
two asteroids are equal by several thousands of years. Although
there would be anyway a very close approach at that different
epoch, the fine details of the close approach, including the ‘‘true”
minimum distance and relative velocity, could be different from
what we find with a conservative dynamical model, including
being even lower.

The couple 2, with (63440) and 2004 TV14 is a difficult case be-
cause the difference in proper semimajor axis is small, to the point
of being comparable to the RMS uncertainty of the osculating semi-
major axis for a multi-opposition asteroid; indeed, we had to up-
date the orbit after the new observations of 2004 TV14 in July
2009 to get a value of the difference in ap which is significant.
The Asteroid (63440) is currently ‘‘ahead”, that is with a larger
mean anomaly (by 3.2�); however, ap(63440) > ap(2004 TV14),
which means that the ‘‘proper mean motion” of (63440) is slower
than that of 2004 TV14, and the latter should be catching up and
having a close approach in the near future. A close approach in
the past is possible only at an epoch far enough to allow for a full
revolution of the difference in mean longitudes. Indeed, this is the
case for the close approach reported in the table.

Again, the conclusion we can draw on the basis of a conserva-
tive dynamical model is that very close approaches (with low rel-
13 R. Matson, in a MPML message of January 9, 2008 with subject Asteroid pairs:
extremely close pair found gave a list of close couples including our couples 1 and 2.
ative velocity) can take place, but this analysis is not enough to find
out the actual epoch, minimum distance and relative velocity of
the closest possible approach. In fact, the Yarkovsky effect, accord-
ing to the order of magnitude estimates of Section 3, is in this case
enough to shift a close approach in the near future to one in the
near past.

The encounters found for couples 3 and 13 are also suggestive
of a very slow velocity and very close encounter, although the ini-
tial orbital uncertainty and the non-gravitational perturbations
may well have somewhat masked the actual values. The other four
cases belong to the same category of couple 2, namely, very close
approaches are possible, but the actual date and properties of the
closest approach cannot be established with the present analysis.

The conclusions of Pravec and Vokrouhlický (2009) are not di-
rectly comparable to ours, because their criterion for acceptance
of couples as non-spurious is a statistical argument, based on lo-
cally uniform distributions, while our results are based upon an ac-
tual search for close approaches. Nevertheless, they have found
and rated as non-spurious 7 of the 8 couples we claim are leading
to recent close approaches, and we have not identified 4 of their
pairs belonging to the Hungaria region, out of which two include
asteroids which were added to the list of multi-opposition aster-
oids after our computation of proper elements, thus they were
not included in our sample.

One very interesting case of couple we have missed is the cou-
ple consisting of (9068) and 2002 OP28, which was not found by
our first filter because the proper elements are not very close, with
differences dap = 0.007 AU, dep = 0.005. On the other hand both
asteroids appear in Table 1, that is they are chaotic and undergoing
close approaches with Mars. By consulting the quality control data
provided with the proper elements, we find that the excursions of
the proper elements over 10 Myr are Dap = 0.014 AU and
Dep = 0.008 for (9068) (somewhat less for 2002 OP28). The conclu-
sion is that for such chaotic asteroids proper elements should not
be used as first filter to select close couples. Indeed taking into ac-
count of their instabilities the proper elements of this couple are
compatible with very small differences. Proper elements are a
more efficient tool to select the candidate pairs, but only in the reg-
ular portions of phase space.

Pravec and Vokrouhlický (2009) also show a histogram of the
difference dH in absolute magnitude, which would suggest a dis-
agreement with our conclusion that significant couples should
show a difference in magnitude >0.9. However, this would be a
contradiction only if it was shown that the almost equal mass cou-
ples they find actually have recent very close approaches.
5.3. Possible interpretation

A hypothesis for the interpretation of asteroid couples, very
close in proper elements, has been proposed long ago, see Milani
(1994, pp. 166–167), with reference to the couple of Trojan aster-
oids (1583) Antilochus and (3801) Thrasimedes (the distance ex-
pressed in velocity was found to be less than 10 m/s, also much
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less than the escape velocity). The idea, which was proposed by the
late Paolo Farinella, is the following: the pairs could be obtained
after an intermediate stage as binary, terminated by a low velocity
escape through the so-called fuzzy boundary, generated by the
heteroclinic tangle at the collinear Lagrangian points. This model
predicts an escape orbit passing near one of the Lagrangian points
L1 or L2 of the 3-body system asteroid–asteroid–Sun, with a very
low relative velocity of escape, which would be extremely unlikely
to be obtained from a direct ejection of a splinter satellite from the
larger asteroid, whatever the cause of the fission.

The evolution of the binary, in the case of the Trojans, would be
dominated by tidal dissipation, and this would result in a predic-
tion of observable properties of the pair, namely slow rotation with
aligned axes, and escape velocity very close to the equator of the
larger asteroid. In the case of Hungaria, which are both smaller
and closer to the Sun, the non-gravitational effects such as YORP
acting on the spin states and Yarkovsky acting on the orbit of the
satellite could be more important. Unfortunately, a fully self-con-
sistent theory of the evolution of a binary asteroid taking into ac-
count the mutual orbits with full 3-body dynamics, the rotation
of both objects, tidal dissipation and non-gravitational effects is
not yet available.

An additional possibility is that the binary asteroid is directly
formed with mutual orbits which are unstable and leading to sep-
aration, that is to a close couple, without the need for non-gravita-
tional perturbations and dissipative effects. A binary asteroid
formed by rotational instability, according to Scheeres (2009), al-
ways has an initially unstable orbit; the subsequent evolution
may lead also to escape of the smaller component from the gravi-
tational sphere of influence of the larger one, depending upon the
initial conditions. This process is sometimes referred to as ‘‘direct
fission”, but this terminology is misleading, because there is noth-
ing like a hyperbolic ejection in less than one revolution, but rather
a comparatively long intermediate phase of chaotic orbit around
the common center of mass. Anyway this kind of escape is charac-
terized by a very low relative velocity of the smaller component
with respect to the larger component. The available observations
of couples do not allow to discriminate between this case and
the one discussed above of an intermediate phase involving non-
conservative evolution.

Thus we do not think it is yet possible to draw firm conclusions
on the mechanisms involved in the origin of the close couples of
Hungaria we have identified; the same problem applies to the cou-
ples of main belt and Trojan asteroids which have already been
identified, and to the many more close couples which could be
found by applying essentially the same methods we have used in
this paper.

5.4. Sub-families

As shown in Fig. 18, there appear to be sub-groupings in the
Hungaria family, in particular at the level of distance correspond-
ing to 40 m/s there is no grouping including (434) Hungaria, but
four groupings which need to be studied to assess whether they
have physical significance. Of these, two merge with the main fam-
ily containing (434) at the 50 m/s level, the other two at the 60 m/s
level. This is weak evidence that the sub-groupings correspond to
sub-families, that is to the outcome of a secondary collisional dis-
ruption affecting a member of the main family, and occurred much
more recently than the family formation.

Of the close couples we have identified among the Hungaria, the
couple number 2 including (63440) and 2004 TV14 belongs to one of
the sub-groupings at level 40 m/s, one other object, 2004 TY137 is
very close (at a distance corresponding to 15 m/s). The couple num-
ber 4 with (23998) and 2001 BV47 belongs to another sub-grouping
at level 50 m/s. At the 60 m/s level both of these couples and sub-
groups merge with the main family, which at the same level includes
also couples number 6 and 13, for which we have identified a possi-
ble recent split, but also couples number 7 and 10, for which we find
no chance of a very close encounter in the last 2 Myr. This is weak evi-
dence, which could point to a possible relationship between sub-
groupings and close couples: however, the data are insufficient to
discriminate between a coincidence, resulting from a presence of
portions of the main family with higher number densities, and the
existence of a casual relationship between secondary collisional dis-
ruption and the formation of the couples.

Thus we are convinced it is possible to draw a firm conclusion
neither on the significance of the sub-groupings nor on the casual
relationship with close couples. We need to point out that second-
ary fragmentation events, even if they could be proven, would also
be likely sources of binaries, thus they would not contradict the
interpretation of the close couples as obtained after an intermedi-
ate stage as binaries.

6. Expectations for the near future

The current level of completeness in the knowledge of Hungaria
asteroids (with good orbits, that is either numbered or multi-oppo-
sition) can be assessed from the histogram of Fig. 26. The largest
number occurs in the bin centered at H = 16.5. For a Hungaria
favorable observing circumstances, that is observations near oppo-
sition, are for a distance from Earth of not much more than 1 AU
and from the Sun at about 2 AU, thus the apparent magnitude
could be as low as H + 1.5. This means that the well observed Hun-
garia have mostly been found at apparent magnitudes up to 18–19.
This value may look a bit low, since there have been asteroid sur-
veys operating with a limiting magnitude in the range 19–20 for
several years, but the Hungaria have the property of being very of-
ten, precisely near opposition, at high ecliptic latitude (up to 45–
50�), far from the area most intensively swept by the asteroid sur-
veys, and also fainter because of larger distance.

The next generation surveys, including Pan-STARRS and LSST,
have two properties in common: (i) the goal to achieve very high
limiting magnitude, even for moving objects (nominal goals being
magnitude 24 for Pan-STARRS future version PS4 and 24.5 for LSST)
and (ii) the ambition of covering the entire visible sky around
opposition, going very far from the equator, up to the North pole
for Pan-STARRS, to the South pole for LSST. They also have in com-
mon the property that these performances will not be reached
tomorrow, but several years from now, taking into account funding
problems and also the unavoidable learning curve. Nevertheless,
we can assume either one or the other of these projects, or both,
will succeed within a few years from now.

The consequences of these developments will be especially dra-
matic in our knowledge of the Hungaria (also the Phocea and other
high inclination asteroids). The H magnitude of approximate com-
pleteness could peak near 21 for the current first Pan-STARRS tele-
scope PS1 and later climb to beyond 22, that is we will know most
of the Hungaria larger than 100 m of diameter. Note that this im-
plies we will know more about the Hungaria than about NEA.
Although we cannot predict the number of such small Hungaria,
the order of magnitude expected is such that we will know, with
good orbits, many more Hungaria than the main belt asteroids
we know now. Moreover, the asteroids observed with signal/noise
ratio an order of magnitude above the threshold for detection, that
is those up to H = 19.5 (270 m of diameter), will have a lightcurve
and multi-filter photometry accurate enough for determination of
period, shape models, polar axis and color indexes. Just think to a
Fig. 25 extending up to 1/D ’ 4 and with all objects in the plot hav-
ing color and rotation data.

A research paper such as this is not the right place to anticipate
the results we should be able to obtain when we will have such
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data. However, we think that studying the Hungaria now is a good
investment of our research resources, also because of this expected
future enormous data set. We also think that most of the problems
for which we have not been able now to obtain a solution, or
maybe only a weak one, will be fully solved.

7. Conclusions

We briefly summarize the firm conclusions we have been able
to reach.

1. We have improved the quality of the data, by computing proper
elements for thousands of Hungaria, and we will maintain an up
to date catalog of such proper elements on our AstDyS site.

2. The Hungaria region is surrounded by dynamical boundaries, by
which we mean that every asteroid which exits from the region
for whatever reason ends up being removed by very strong
dynamical effects, namely the linear secular resonances and
close approaches to Mars, whose location in the phase space
is well known.

3. The Hungaria region, and the Hungaria family, are crossed by
nonlinear secular resonances, which result in decreased accu-
racy proper elements. They are also crossed by mean motion
resonances, the most important being with Mars, and these
can result in large changes of the proper elements ep and sin Ip.

4. The non-gravitational perturbations, especially the Yarkovsky
effect, have changed the semimajor axis (both osculating and
proper) of the Hungaria asteroids by a large amount since the
formation of the Hungaria family. This results in a large spread
of all the proper elements, due to the interaction with reso-
nances. The spread of the proper semimajor axis is asymmetric,
thus pointing to an uneven distribution of spin axes, with pre-
dominant retrograde spin.

5. The Hungaria region contains a large family, called the Hungaria
family because (434) Hungaria is the lowest numbered mem-
ber. There is some indication of a possible second family at
higher inclination.
6. The Hungaria asteroids are not all members of the Hungaria
family. We have found an explicit list of asteroids which can
be reliably considered as background. On the contrary, we can-
not give an explicit list of asteroids which certainly belong to
the family, because the large region occupied by the family
should contain background asteroids, some of which may not
have been identified.

7. The Hungaria group contains couples of asteroid with very close
proper elements. We have identified times at which some of
these couples could have had very close approaches, with low
relative velocity. In eight cases we have found epochs at which
these encounters have taken place, within a purely conservative
dynamical model. However, we believe that the Yarkovsky
effect needs to be taken into account for finding the closest pos-
sible approaches and the corresponding epochs.

We would like to add two comments. First, we second the ap-
peal already contained in Warner et al. (2009) for the largest pos-
sible set of observations of Hungaria, including astrometric follow
up to improve the orbits, multicolor photometry, spectroscopy and
polarimetry to identify the taxonomic types and constrain the
diameters, lightcurves to find the spin rate and orientation, discov-
eries of binaries to constrain the masses, and if possible radar
observations. This because these observations can contribute to
the solution of problems which are more accessible to observa-
tional constraints in the Hungaria region, but of course are applica-
ble to other asteroids. We think that this paper already points to
some specific targets, anyway we are available to provide further
suggestions for the observers.

Second, the progress in the understanding of the Yarkovsky ef-
fect and its consequences on the long term dynamical evolution of
asteroid families appeared for some time to have decreased the va-
lue of large and accurate catalogs of proper elements. We believe
we have shown in this paper that the opposite is true: because of
the very interesting results which can be obtained on the Yarkov-
sky effects on asteroid families, very accurate proper elements are
now even more useful than before.
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Milani, A., Knežević, Z., 1990. Secular perturbation theory and the computation of
asteroid proper elements. Celest. Mech. Dynam. Astron. 49, 347–411.
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