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ABSTRACT

An in-depth analysis is presented of the accuracy of position of the linear secular resonance g − g5 in the phase space of proper
elements, as determined by the recently introduced polynomial fit method. Different attempts to pinpoint the exact location of
this resonance are described, leading to improvement in the accuracy of resonance position achieved via local adjustments of the
new method and measured in comparison with the corresponding positions of selected asteroids. The resonant state and proper
frequencies of the longitude of perihelion of these asteroids are determined, and compared to the catalogue values computed
in the course of determination of their synthetic proper elements. The problem of cycle slips, affecting the computation of
frequencies, is thoroughly examined and successfully explained, and the procedure of double filtering of the time series of proper
values to remove the cycle slips proposed. The results of tests of the new approach have shown that the accuracy of newly
determined frequencies is significantly improved with respect to the previously available values.
Key words: celestial mechanics – minor planets, asteroids: general.

1 I N T RO D U C T I O N
Following the approach by Milani (1994) to assess the secular
resonant structure of the Trojan region, in the recent paper by
Knežević & Milani (2019) a new synthetic method to determine
the positions of secular resonances in the asteroid Main Belt has
been developed. The method is based on a polynomial fit of the
secular rates (frequencies) of asteroid perihelia and nodes obtained
by means of the synthetic proper elements theory (Knežević & Milani
2000). Once the coefficients of the fitting polynomial are computed
by the least-squares method, the values of secular frequencies for the
points on a grid in the space of proper elements are straightforwardly
derived. The positions of the resonances are then represented by
means of a number of contour lines, each corresponding to a given
small value of the resonant combination of asteroid and planetary
frequencies. Degree of the polynomial used for the fit and other
relevant parameters are appropriately selected to correspond to the
specific dynamics in different parts of the belt.
In the same paper we reported that in the high inclination region
of zone 4 (2.52 < a < 2.701 au, see Table 1 of that paper) in the
asteroid Main Belt, and probably also in other zones, there is a
problem with overlapping of g − g5 linear secular resonance with
the significant population of background asteroids (Section 4.3.1).
Hinting at explanation why there is no gap in the distribution of
asteroids in this region, analogous to the one created by the g −
g6 resonance, we considered a number of possible reasons for such
a situation, emphasizing in particular the erroneous position of the
resonance as determined with the new synthetic method (e.g. due to
the truncated fitting polynomial and/or a too few scattered objects
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subject to the fit), a limited scattering power of this resonance which
does not completely remove asteroids from the resonant region, a
possible unaccounted influence of the nearby Kozai (or some other
non-linear) resonance, etc. These different assumptions are in part
based on the previous investigations devoted to the determination
of the position of this resonance and the study of the dynamics
in it (e.g. Morbidelli & Henrard 1991a,b), but the results of these
previous studies are not always straightforwardly applicable due to
different methods, variables, and representations of results, used in
these different studies.
Another important problem, only briefly mentioned by Knežević
& Milani (2019), giving rise to possible inaccurate computation
of resonant locations, pertains to the so-called ‘cycle slips’. These
slips are a consequence of the method to compute the synthetic
proper longitudes and their time derivatives; they can seriously affect
the secular frequencies and consequently the resonance positions
particularly in the high inclination region of the asteroid Main Belt.
In this paper we present an attempt to analyse both these problems.
In Section 2 we first introduce the problem of resonance position in
full detail, discussing the sensitivity of this position as determined
by the polynomial fit method, and its dependence on the choice
of various parameters used in the computation and on the specific
dynamical properties of the regions where the method is being
applied. The present analysis has been carried out in the high
inclination region of the central part of the asteroid Main Belt, which
means testing the new method under most extreme conditions. Next
we present an in-depth analysis of the resonant state of a number
of selected asteroids assessing the accuracy of the values of secular
frequencies of these asteroids obtained in the course of determination
of their proper elements; this analysis provided not only the improved
values of these frequencies, but also indicated the main culprit giving
rise to large errors of the catalogue frequencies – the cycle slip
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Table 1. Selection of asteroids for the test of resonant
state. Columns give asteroid number, proper eccentricity
e, rate of the proper longitude of perihelion g in arcsec yr−1 , its standard deviation σ g in the same units, and
the time span covered by integration Myr, as given in the
catalogue of proper elements available at AstDyS service.
e

g

σg

Myr

(85395)
(102499)
(158725)
(180018)
(312244)
(314688)
(316594)

0.119450
0.080637
0.032151
0.075812
0.037957
0.085425
0.086467

5.1759
4.4883
5.5234
5.6953
4.0023
3.8958
5.2734

1.00
2.08
4.37
2.83
4.79
0.89
1.29

10
−2
−2
−2
−2
−2
10

problem. In Section 3 we deal with this latter problem, offering
a novel understanding of the causes of cycle slips, as well as a
possible way to overcome them. Section 4 summarizes our results
and conclusions and offers a few hints about the possible future work.

2 R E S O N A N C E g − g5
In order to investigate the observed puzzling feature of the high
inclination asteroid distribution in more detail, we carried out an
analysis of the performance of the polynomial fit method to find the
resonance position, and of the dynamics in the selected region to
assess the accuracy of the asteroid proper elements and frequencies
used in the fit. For this analysis we made use of the same catalogue
of proper elements and frequencies as in Knežević & Milani (2019),
which is the one containing data for 540 949 asteroids, obtained from
the AstDyS site.1
We began by looking into the problems associated with the
allegedly inaccurate location of the resonance. In Fig. 1 we thus
show an enlargement of the high inclination region of fig. 15 in
Knežević & Milani (2019), with secular resonance g − g5 contours
and superimposed background asteroids; the family asteroids are not
considered here, because they all have similar proper elements, thus
saturating the plots but contributing little to the diversity of dynamical
behaviours we are interested in. Position of the resonance is shown
in the proper (a, I) plane, as computed with the fixed value of the
third coordinate (proper eccentricity) e = 0.13, which is close to the
median value for all the asteroids in zone 4. Positions of asteroids
shown in the plot are accurate enough for our purposes,2 since the
perihelion resonance does not affect the proper inclinations. No gap
in the distribution of asteroids is visible: on the contrary, numerous
asteroids appear to be located between the contour lines, implying
the small values of the resonant divisor and thus potentially residing
in the resonance. We draw in the plot as many as seven contour
lines corresponding to the values of the divisor [−3, −2, −1, 0, 1,
2, 3] arcsec yr−1 , because the exact width of the resonance is not
known.
The simplest way to assess whether the resonance is correctly
placed in the phase space of proper elements is to look for the
libration of the resonant argument ( −  5 , in this case) of the

1 http://newton.spacedys.com/astdys2,

(Knežević & Milani 2003).
errors of proper sin I are of the order of 10−4 , which corresponds to
a few hundredths of a degree in I, while these of proper a are by more than
an order-of-magnitude smaller.
2 Typical
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Figure 1. Position of the linear secular resonance g − g5 as computed on
the grid in the proper (a, I) plane, with the fixed value of the third coordinate
(proper eccentricity, e = 0.13). The contour lines are colour coded, and
correspond to the values of the divisor [−3, −2, −1, 0, 1, 2, 3] arcsec yr−1 .
The black dots indicate positions of asteroids with 0.105 < e < 0.155 in
the same plane, while positions of several selected, presumably resonant,
asteroids are indicated by asterisks and labelled with corresponding asteroid
numbers.

objects presumably located in the resonance: if the objects positions
overlap with the resonance location and their critical arguments do
librate with periods corresponding to the distance of a given object
from the centre of the resonance, this can be considered as a good
indication that the resonance is well placed.
Following Carruba (2009) and Tsirvoulis & Novaković (2016),
selection of the potentially resonant asteroids for the test of librating
state was made by simply looking for objects that have secular
frequencies g ‘close enough’ to the Jupiter’s g5 one. Based on the
values of asteroid frequencies g, taken from the catalogue of proper
elements, we found seven objects that fulfil our adopted condition
of closeness (2 < g < 6 arcsec yr−1 ) to Jupiter’s frequency g5 =
4.2574 arcsec yr−1 , derived from the integrations used to compute
synthetic proper elements (Knežević & Milani 2000). The number
of selected objects might seem to be rather moderate, and indeed, by
adopting somewhat looser criterion we could get statistically more
significant sample of asteroids; however, we also had to keep the
number of objects small enough to be able to perform the intended
detailed dynamical analysis for each of them. The selected asteroids,
accompanied with only the information relevant for the further
analysis, are listed in Table 1. Note that in the last column of this
table, the time span of the integration used in computation of proper
values is given: −2 Myr (orbits propagated into the past) is the span
used for all orbits, which was then extended to 10 Myr (in the future)
for asteroids for which the results from the shorter integration were
not accurate enough (Knežević & Milani 2003).
Even a cursory look at Fig. 1 reveals that the centre of the resonance
in the middle of the zone is at I  26.5 deg, in agreement with the
corresponding value of sin I  0.45 in fig. 15 of Knežević & Milani
(2019), and that out of the seven presumably resonant asteroids, four
appear indeed to be located inside the resonance strip (on both sides,
and at the different distance with respect to the resonant centre), and
three seem to be somewhat further away. In fact, it is quite obvious
that the spread of asteroids in the plot is so large that whatever the
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Position of the g − g5 secular resonance

2.1 Sensitivity of the resonance position
Before proceeding with the tests of the resonant state, let us consider
two features of the polynomial fit method that may influence the
resonance position in the phase space of proper orbital elements in a
significant manner. One pertains to the selection of the region for the
fit: up to now we have by default been selecting the entire zone, that is
all asteroids regardless of inclination, to compute the coefficients of
the fitting polynomial. The other refers to the subsequent computation
of the frequencies on the grid by using the fixed value of the
eccentricity close to some average value corresponding to the entire
zone. Both these practices are perfectly suitable when dealing with all
the secular resonances at once, scattered throughout the entire zone at
very different inclinations; this, however, may introduce large errors
in the far, very high or very low inclination, regions.
The remedy for such a situation is obvious: when dealing with
a particular region or a single resonance, as we do in the present
analysis, one should use the locally adjusted polynomial fit, and
similarly suitable fixed values of the third coordinate. To assess
whether and by how much such an approach can affect the g − g5
resonance position, we performed a couple of experiments.
First, we have computed the coefficients of the fitting polynomial
(see equations 3 in Knežević & Milani 2019) using only asteroids
in the high inclination region of zone 4, that is with 0.30 < sin I <
0.55. The lower boundary of 0.30 in terms of sin I was used in the
past to distinguish between the Main Belt low inclination and high
inclination regions (Milani & Knežević 1990; Knežević et al. 1995;
Novaković, Cellino & Knežević 2011), and here is used also to have
more asteroids for the fit. There are in total 2604 asteroids in this
region, much less than 87 606 available in the entire zone, which is
certainly an important drawback of this approach; another drawback
is due to a generally lower accuracy of perihelion frequencies of high
inclination asteroids (see Table 1), which also affects the results.

3 Note,

however, that large errors do not necessarily mean these objects are
NOT resonant.

Figure 2. Position of the linear secular resonance g − g5 as computed on
the grid in the proper (a, I) plane, taking into account only high inclination
asteroids in zone 4 in computation of the coefficients of the fitting polynomial.
The value of the fixed third coordinate was again e = 0.13, for easier
comparison with Fig. 1.

The outcome of this experiment is shown in Fig. 2. A much flatter
shape of the resonance in the middle of the zone resulted in a shift of
the position of the resonance with respect to the one shown in Fig. 1
towards the higher inclinations; this is best illustrated by the fact that
the centre of the resonance in the middle of the zone now resides
at I  27.3 deg, nearly a whole degree higher, and that out of the
four potentially resonant asteroids, previously located in between
the resonant contour lines, now only two are still there, while the
other two appear to be far below the resonant surface.
Our second experiment has to do with the fact that the position
of the resonance in the high inclination region is very sensitive to
the selected value of the third (fixed) coordinate, in this case the
eccentricity. In Fig. 3 we show resonant contours computed for the
four different values of proper eccentricity, e = 0.03, 0.08, 0.13,
0.18, chosen in such a way to, respectively, be representative of the
lower and higher proper values of selected asteroids (Table 1), of the
median value for the entire region (as in Fig. 2), and of the median
value of the objects in the high inclination region only. Again, only
the subsample of high inclination asteroids with 0.30 < sin I < 0.55
was used for the fit.
A spread by more than two degrees in terms of proper inclination
of the resonance locations computed for these four values of proper
eccentricity, witnesses of the significant curvature of the resonant
surface in the 3D space. In other words, the presence of asteroids
projected into the resonant zone in a given planar section of the
resonance’s 3D representation may or may not at all indicate their
resonant state. Obviously, a 3D plot could perhaps better reveal
the true shape of the resonance, but also may not be really more
indicative of the relationship with the surrounding asteroids. Thus,
we preferred to stick with the standard, easy to interpret, 2D
projections.
Bearing in mind that all the objects with frequency g small enough
to make them resonant in g − g5 actually have moderate to very small
proper eccentricities, we observe that the resonance contour lines
computed for the lowest (0.03) value of the fixed eccentricity are
fairly close to the two selected objects with the corresponding proper
eccentricities (some half a degree below them). The discrepancy
MNRAS 497, 4921–4936 (2020)
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position of the resonance, some of the selected asteroids would be
located out of the resonant strip. Moreover, the three asteroids that
found themselves outside the resonant strip have proper eccentricities
closer to the value of e = 0.13 used to compute the resonance
position than the two of those which appear to be inside ((158725)
and (312244))!? Something is obviously wrong here, but what, this
remains to be investigated.
It is clear, on the other hand, that the spread of positions of
selected asteroids in the proper (a, I) plane, accompanied with
large differences of their proper eccentricities inferred from Table 1,
appears at odds with rather similar values of the catalogue frequencies
reported in the same table. As indicated above, the errors of asteroid
proper semimajor axes and inclinations are practically negligible
in this context, and the errors of proper eccentricities for selected
asteroids are also small enough (<3 × 10−3 ). Thus the observed
lack of correspondence of the resonance position and some of the
presumably resonant asteroids can only mean that asteroids catalogue
frequencies must be wrong: these objects may not at all be that close
to the resonance as implied by the catalogue values. Looking at the
corresponding column of Table 1, one can see that the errors of
catalogue values are indeed large, in particular when compared with
the values themselves.3 In turn, wrong frequencies can affect the
polynomial fit and the derived resonance position, and the interplay
of the two errors can give rise to the mismatch we observe.

4923

4924

Z. Knežević

between the asteroids and resonance positions increases to slightly
more than a degree for the four objects with proper eccentricities
around 0.08. Somewhat less than a degree appears to be the difference
for a single object with proper eccentricity of 0.11. Let us say that
this can be regarded as a reasonably good result if we consider all the
uncertainties involved with the procedure to compute the resonance
position, in particular the suspected problems with the frequencies
in the high inclination region.
Note that for the value of the third coordinate appropriate for the
region (e = 0.18 in our case), the resonance is shifted towards even
higher inclinations, with the centre of the resonance in the middle of
the zone located at as high inclination as I  28.3 deg.
An important alternative insight, actually well-known but worth
recalling here, can be obtained by selecting an arbitrary proper
semimajor axis near the middle of the zone 4 (say, a = 2.60541 au,
corresponding to proper semimajor axis of the asteroid (102499),
column no. 237 out of 501 along the proper a axis of the grid
used to estimate the frequencies at equidistant nodes and plot the
contour lines), and by plotting the variation of frequency g along the
inclination I axis of the grid. Two such plots, with profiles derived
using either all the asteroids in the zone (left-hand panel), or the high
inclination asteroids only (right-hand panel), and computed for e =
0.03, 0.08, 0.13, 0.18, are given in Fig. 4. The most important feature
of the obtained functions is their steady decrease with increase of
inclination I. In the left-hand panel the profiles abruptly become
steeply decreasing for inclinations above ∼23 deg, and g grows
increasingly negative for higher inclinations, giving eventually rise
to the Lidov–Kozai resonance (2g − 2s). The intersections with
horizontal line g = g5 occur in the range 25.5 < I < 27.5 deg; in
particular the intersection of the profile for e = 0.13, occurring at
about 26.5 deg, is in agreement with the position of the resonance
centre shown in Fig. 1. In the right-hand panel the profiles for the
same values of the fixed eccentricity are shown, but this time taking
into account only the high inclination asteroids in the zone. The
overall behaviour of the profiles is the same, and, as expected, all the
turning and intersection points are shifted towards somewhat higher
inclinations. Thus, the profiles become steeply decreasing only at
MNRAS 497, 4921–4936 (2020)

2.2 Analysis of the resonant state
In the following we present a study of the dynamics in a high
inclination (25 < I < 30) region of the Main Belt zone 4 (2.520
< a < 2.701 au), with particular emphasis on the analysis of the g −
g5 resonant state of the seven selected asteroids (Table 1) located in
this region and having rates of the perihelion longitude close enough
to the Jupiter’s one to possibly exhibit the libration of the critical
angle. This analysis should also provide estimates of the reliability
of the asteroid data: as we have already explained above, the errors of
asteroid proper inclinations are minute, thus what we are primarily
looking at are the errors of frequencies, which may be important in
application of the polynomial fit method.
We begin by recomputing the synthetic proper elements of the
selected asteroids in order to get the orbital integrations needed
for the analysis, but also to verify that the synthetic method of
computation of proper elements, applied to the orbits propagated
from very different epochs, even in the case of these extremely
high inclination objects gives the results that are different by only
a negligible amount, within the errors of the procedure itself.4
For each asteroid, in the two subsequent rows of Table 2, we
thus compare the proper elements and frequencies as given in
the AstDyS catalogue (first row), with those obtained from the
new integration started from the current osculating epoch (second
row).
As one can readily see from the table, the proper values agree
very well, in spite of the rather extreme circumstances (very high
inclinations, dynamically very complex zone 4, and potentially
4 As

explained in Knežević & Milani (2003), at each update of the catalogue
of proper elements only the newly numbered objects are added. For the
integration of orbits the initial conditions always correspond to the current
epoch of the osculating elements, hence different osculating epochs for
different batches of proper values in the catalogue. Repeating the integrations
from a different epoch, more than a decade apart from the one for which
the original catalogue input was produced, can also mean that the osculating
orbit has changed due to the more recent observations, not only because of the
perturbations. Since proper elements by definition represent quasi-integrals
of motion, this should not matter too much, providing the computation of
proper values is accurate enough.
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Figure 3. Positions of the linear secular resonance g − g5 as computed on the
grid in the proper (a, I) plane, for the four values of the fixed third coordinate
(e = 0.03, 0.08, 0.13, 0.18). In order to avoid overlapping, only three contour
lines are shown in each case that correspond to the values of the divisor [−1,
0, 1] arcsec yr−1 .

∼25 deg, and the intersections with horizontal line g = g5 occur in
this example in the range 26 < I < 28 deg. This is a reasonable
agreement with what we observe in Fig. 3, while some remaining
small discrepancies (e.g. for e = 0.18) can be understood as being
due to the fact that the contour lines in Fig. 3 are obtained from the
fit to the frequencies computed for all the nodes in the zone, while
the profiles in Fig. 4 represent the specific values for the selected
nodes.
Another important feature to observe in these plots is that up to
some 17 deg of inclination in the left-hand panel, and up to about
22 deg in the right-hand panel there exists only a minute difference
between profiles for different eccentricities, while these differences
rapidly grow for higher inclinations. The eccentricity dependence,
consequently, does not matter at low to moderate inclinations, and
becomes important only at high inclinations. This also implies that
the polynomial fit method in its basic form (applied by using all
the asteroids in the zone and an average eccentricity) is perfectly
suitable for majority of asteroids, but that it should be adapted to
local circumstances in the high inclination region. In the latter region
the method gives slightly different results depending on the way it is
implemented.

Position of the g − g5 secular resonance
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Table 2. Comparison of the synthetic proper elements. Columns give asteroid number, proper semimajor
axis a, proper eccentricity e, sine of proper inclination sin I, mean motion n in deg yr−1 , rate of the proper
longitude of perihelion g and rate of the proper longitude of node s in arcsec yr−1 , and the time span covered
by integration in Myr, as given in the catalogue of proper elements available at the AstDyS service (first
row) and as obtained from the new integration (second row).
No
(85395)
(85395)
(102499)
(102499)
(158725)
(158725)
(180018)
(180018)
(312244)
(312244)
(314688)
(314688)
(316594)
(316594)

a

e

sin I

n

g

s

Myr

2.6622804
2.6622899
2.6054297
2.6054109
2.6128944
2.6128963
2.6864629
2.6864604
2.6408633
2.6408601
2.6784738
2.6784696
2.6484970
2.6484972

0.1194534
0.1176034
0.0806369
0.0807561
0.0321506
0.0320675
0.0758123
0.0758292
0.0379566
0.0379538
0.0854248
0.0854079
0.0864670
0.0862926

0.4736845
0.4736328
0.4698002
0.4698279
0.4431681
0.4431781
0.4699937
0.4699919
0.4460977
0.4460983
0.4728904
0.4728882
0.4698399
0.4698018

82.864993
82.864544
85.592013
85.593205
85.225132
85.225034
81.748342
81.748453
83.874596
83.874750
82.114503
82.114697
83.512671
83.512647

5.17587
5.05113
4.48831
5.43114
5.52340
4.56857
5.69531
5.69542
4.00230
4.00206
3.89583
3.89576
5.27345
5.11376

−37.9216
−37.8836
−35.3562
−35.3579
−35.4229
−35.4213
−38.1727
−38.1723
−36.1453
−36.1451
−38.2454
−38.2449
−36.8493
−36.8472

10
10
−2
−2
−2
−2
−2
−2
−2
−2
−2
−2
10
10

resonant objects) of their determination. There is, however, a single
exception, that of the proper eccentricity of the asteroid (85395),
which exhibits a small difference of the two values of the order of
2 × 10−3 . This asteroid was found to be problematic in the −2 Myr
integration, hence the attempt at an extended, 10 Myr, integration.
Still, the difference of proper values is not only minute with respect
to the value itself (the highest among the selected asteroids), but also
smaller than the standard deviation of the proper value (3 × 10−3 ),
obtained from the 10 Myr integration. As a matter of fact, the standard
deviations of proper eccentricities of all selected asteroids are of the
order of 1.5 × 10−3 or larger, which is perfectly understandable
if we recall that the computation of proper eccentricity is more
affected by the perturbing terms involving inclination (very high
in these cases). The orbits of selected asteroids are found to
be stable, all exhibiting a rather small Lyapunov Characteristic
Exponents.
The most important for us here are the differences of frequency g
(frequency s changes so little that it practically does not matter). For
asteroids (102499), and (158725) frequency g changes by nearly

1 arcsec yr−1 , which can make a difference between being in or
out of the resonance, for (85395) and (316594) the differences
are such that the resonant state can only be slightly changed (e.g.
having different libration periods), while for the remaining three –
(180018), (312244), (314688) – the determination of frequency gives
practically the same result. In order to establish the resonant state
of each of the asteroids, it is thus necessary to investigate all these
cases in more detail, and figure out what makes the results of the
determination of frequency g different from one integration and/or
asteroid to another.

2.2.1 A case study of the asteroid (102499) 1999 TD282
We shall begin with a detailed analysis of the case of asteroid
(102499), one of the two that exhibits the largest change of the
frequency g from one integration to the other. This may seem
strange, having in mind that computation of proper elements from a
short integration (−2 Myr) was found to be accurate enough and the
MNRAS 497, 4921–4936 (2020)
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Figure 4. Typical profiles of the variation of frequency g as a function of proper inclination I. Semimajor axis in the middle of zone 4. Left-hand panel: all
asteroids in the zone. Right-hand panel: only the high inclination objects. Note different scales of the two plots.
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orbit stable, so that extended 10 Myr integration was not considered
necessary.5
The orbit was integrated using the Orbit9 integrator (Milani &
Nobili 1992), with on-line filtering of short periodic perturbations.
The dynamical model included four outer major planets as perturbers,
with barycentric correction applied to the initial conditions. The
synthetic theory (Knežević & Milani 2000, 2003) is then applied
to the resulting time series of mean elements to compute the
corresponding proper elements and frequencies, together with their
standard deviations.
Since here we are interested primarily in computation of proper
eccentricity and the rate of the proper longitude of perihelion g, let
us recall that the output of the integrator is given in terms of the
equinoctial elements:
k = e cos 
h = e sin 
q = tan(I /2) cos 
p = tan(I /2) sin ,
out of which we shall consider only the first two h, k, bearing in
mind that the procedures and analyses we are going to present can
be applied to the other pair of variables as well. Also, in most cases
we shall show the results for the h variable only, since those for k are
very similar.
In Fig. 5, in the left-hand panel, we show the output from numerical
integration, that is the time series of mean h, with short periodic
perturbations removed on-line; in the right-hand panel the spectrum
of the same series is plotted in terms of the spectral density. The
two lines are clearly dominant in the latter plot – one due to the free
oscillation frequency g (period of ∼190 000 yr), and the other due
to the main forced oscillation frequency g5 (period ∼304 000 yr);
the other lines, including the g6 (period ∼46 000 yr) and g7 (period
420 000 yr) ones, are much less remarkable.
In Fig. 6 the time series of the free oscillation term hf and its
spectrum are shown, obtained upon removal of the forced terms due
5 The

criteria for extended integration are: σ ap > 0.0003 au; σ ep >
0.003; σ sin Ip > 0.001; LCE > 5 × 10−5 , (Knežević & Milani 2000).
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to g5 , g6 , g7 , as prescribed by the synthetic theory (Knežević &
Milani 2000). Note that the amplitudes of irregular variations of hf ,
shown in the left-hand panel of this figure are smaller than those of
the original data from Fig. 5 (left-hand panel), while in the spectrum
in the right-hand panel of Fig. 6 one can now see just one dominant
line at precisely of 188 365 yr of period, hence corresponding to
the frequency g = 6.8803 arcsec yr−1 . Among the remaining, less
important, lines, there is one with the period of 16 707 yr (frequency
77.5723 arcsec yr−1 ), which corresponds to (−g5 + 3g6 − g7 ) term
of degree 6 in eccentricity, then another one with the period of
135 025 yr (frequency 9.59822 arcsec yr−1 ), which corresponds to
3g5 − g7 term, also of degree 6, etc.
The value of frequency g found by means of spectral analysis is
different from both values shown in Table 2, indicating that indeed the
values obtained in the course of determination of proper elements
for this asteroid are for some reason wrong. Let us recall that the
method to compute proper frequencies in the course of a mass
determination of asteroid proper elements is much simpler than
the spectral analysis and appropriate for an automated application
to thousands of asteroids at each update. In brief (Knežević &
Milani 2000), we first derive the time series of the free longitude
of perihelion  f by computing the polar angle in the plane (kf , hf ),
then we add multiples of 2π to get the continuous function, and,
finally, from a linear least-squares fit we obtain the proper frequency
g as a slope of  f . The proper eccentricity is next derived by Fourier
extraction of the proper mode, in such a way that the component with
period 2π is extracted from (kf ( f ), hf ( f )). The amplitude of the
proper mode is the proper element.
An additional technical feature of the procedure is that the
determination of polar coordinates is done with respect to the point
with coordinates equal to the mean values of the equinoctial elements
over the time span of integration (k̄, h̄). This origin is used in the code
for computation of proper elements as the coordinate centre in order
to account for a limited time span of integration over which the
centre of variation is not represented by the geometric origin (0,0),
but by this ‘mean’ point. Obviously, all the values in the time series of
equinoctial elements are shifted to refer to this new centre. In general,
the choice of origin does not make much difference in computation
of proper elements, but in case of frequencies, as we shall see in the
following, can give rise to significant discrepancies.
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Figure 5. Left-hand panel: time series of the mean h of asteroid (102499) as obtained from the numerical integration covering a time span of −2 Myr. Right-hand
panel: spectrum of the time series of h in terms of the spectral density. Two dominant, and a number of less important lines are visible.
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Figure 7. Time series of ef of asteroid (102499), obtained as polar radius
from (kf , hf ). Note the nearly zero value at the epoch t  −800 000 yr.

Although for asteroid (102499) the removal of forced oscillations
provided an apparently good result to proceed with, it is exactly the
following stage of the procedure where the problems may occur. Let
us give a look to Figs 7 and 8, where the time series of the eccentricity
ef and the longitude of perihelion  f are shown, obtained from (kf ,
hf ) as a polar radius and polar angle, respectively. The most striking,
and obviously anomalous, feature in these plots is a sudden jump of
the  f value near t = −800 000 yr, which coincides with eccentricity
ef approaching zero. Such an intermittent behaviour is caused by the
cycle slips – backward jumps by 360 deg due to passing of orbit in
projection to the (k, h) plane too close to the origin, which prevents
the correct counting of the number of revolutions of  f (Knežević
& Milani 2019). We devote Section 3 to an in-depth analysis of this
problem.
What is important here is the fact that the cycle slips interrupt
the flow of the  f function, which is not continuous any more, and
the linear regression fit gives a wrong slope. In the case of asteroid
(102499), this erroneous slope obtained by the fit to the broken

Figure 8. Time series of  f of asteroid (102499), obtained as polar angle
from (kf , hf ). The cycle slips occur at the epoch t  −800 000 yr.

line amounts to g = 4.0507 arcsec yr−1 , while fitting separately the
two unbroken segments gives an average of g = 6.8861 arcsec yr−1 ,
in good agreement with the above reported value found from the
spectrum of hf . The latter quantity is thus the true value of the
frequency for this asteroid.
Let us point out that the time series of  f , shown in Fig. 8, have
been computed with respect to the geometrical origin (0,0), to be
compared with Fig. 16, where the outcome of the same computation,
just with respect to the ‘mean’ origin (k̄, h̄), is shown. The cadence
of cycle slips is quite different in the two plots, hence also the fits
to the broken line give values of g in error by a different amount
(g = 4.0507 arcsec yr−1 , as reported above, in the former case, and
g = 5.4311 arcsec yr−1 , as given in Table 2, in the latter case). This
also explains a large difference of the two values of frequency g
given in Table 2: different integrations, performed from different
initial conditions, can give rise to a different cadence of slips and
to different fit results. We shall again defer the detailed analysis
for Section 3; let us just state here that occurrence of cycle slips is
MNRAS 497, 4921–4936 (2020)
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Figure 6. Left-hand panel: time series of hf of asteroid (102499), obtained by removal of the forced oscillations due to g5 , g6 , g7 . Right-hand panel: spectrum
in terms of spectral density of the time series of hf . A single dominant and a number of less important lines are visible.
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very sensitive to the changes of the secular variations of  f , such
that a slip might be repeated, readily reversed or not take place
at all.
Due to cycle slips, frequencies can thus be erroneously determined
and such inaccurate frequencies can affect the polynomial fit used
to determine the resonance location. From Fig. 4 it is clear that
higher frequency means intersecting the resonant line later, at higher
inclination. If there are enough asteroids in the high inclination region
with true frequency g higher, as in the case of asteroid (102499), than
the ones listed in the catalogue, the use of the erroneous catalogue
values in the fit could have shifted the position of the resonance
towards the lower inclinations. The solution for such a situation might
be to simply derive the accurate frequencies of affected asteroids
from the spectrum, but the problem when dealing with asteroid
catalogues is to know in advance for which asteroid and for which
resonance(s) one should apply such a procedure. Although this is
also possible in principle, the practical realization might turn out to
be quite complicated and time consuming.
What remains to be considered in this section is whether the asteroid (102499) is in libration in g − g5 secular resonance or not. In Fig. 9
we thus show the time variation of the  −  5 critical argument.
Of course, here  is taken without adding multiples of 2π . The
libration around zero with an amplitude slightly less than 200 deg,
and a period around half a million years is clearly visible in the plot.
Spectral analysis produces a value of the period P = 492 000 yr,
corresponding to 2.6342 arcsec yr−1 , in good agreement with g −
g5 = 2.6287 arcsec yr−1 inferred from our analysis. This confirms
that this asteroid is in the resonance, that its location in the phase
space of proper elements is between resonant contour lines +2 and
+3, and this very well matches the position of this asteroid given
in Fig. 3, but with respect to resonance position for the eccentricity
e = 0.18. With respect to the position of the resonance which would
theoretically correspond to this asteroid’s eccentricity of 0.08, it
appears to be almost 2 deg away. As already mentioned above, the
position of the resonance can be wrong if enough asteroids have too
low catalogue frequencies due to cycle slips.
Note, finally, that the filtered semimajor axis of asteroid (102499)
(proper value is a = 2.60541 au) exhibits very small (at the level
<5 × 10−5 au) chaotic variations. Lyapunov exponent for this
asteroid is, however, rather low (1.77 × 10−6 ), indicating a stable
MNRAS 497, 4921–4936 (2020)

Figure 10. Critical angle  −  5 for asteroid (85395). Libration has a
large amplitude and a period of 647 000 yr. Note that in this case the time
span shown in the plot is 10 Myr.

orbit. According to T. Gallardo’s atlas of mean motion resonances,6
there are a few weak three-body resonances located within the range
of variation of the asteroid’s semimajor axis (e.g. 2A − 6J + 5N, or
4A − 11J − 2U; A – asteroid, J – Jupiter, U – Uranus, N – Neptune).
It appears that these resonances may produce a visible effect on the
asteroid’s orbit, but that this does not influence the overall stability
of its motion (stable chaos; Milani & Nobili 1992).
2.2.2 Other selected asteroids
Asteroid (85395) 1996,SQ4 . Since the computation of proper eccentricity for asteroid (85395) from −2 Myr integration suffered from
large uncertainty (σ e = 0.0124), the integration for this object has
been repeated over a time span of 10 Myr. Indeed, the uncertainty
of proper eccentricity was significantly reduced in this case (σ e =
0.0051), but, in the same time, the error of computation of frequency
g has increased from an acceptable σ g = 0.1422 arcsec yr−1 in the
shorter integration, to as much as σ g = 1.6164 arcsec yr−1 in the
extended one. Also in this case, the increase of the uncertainty was
found to be due to the near-zero values of eccentricity giving rise
to cycle slips of the longitude of perihelion, which in the shorter
integration did not occur, but in a longer one repeatedly interrupted
the continuous flow of  f (t).
The linear fit of  f (t) over the entire time span of integration
yielded g = 5.0511, as reported in Table 2, while the slope of the
unbroken part of the function, in the range 0 < t < 5.5 Myr, was
found to be g = 6.1825.
As shown in Fig. 10, the critical angle  −  5 is in libration with
a period of 647 000 yr, corresponding to g − g5 = 2.0031 arcsec yr−1
and thus to g = 6.2605 arcsec yr−1 . The latter value is in a reasonably
good agreement with the value obtained as the slope of unbroken
 f (t), reported above. Consequently, also for this asteroid the true g
is significantly larger than the catalogue value used in the polynomial
fit for finding the positions of resonances.
Asteroid (158725) 2003 KD35 . As in the previous cases, several cycle slips produced a wrong catalogue value of g = 4.5643 arcsec yr−1 ,
very different from the value g = 10.1131 arcsec yr−1 obtained from
6 http://www.fisica.edu.uy/∼gallardo/atlas/,

(Gallardo 2006).

Downloaded from https://academic.oup.com/mnras/article/497/4/4921/5881342 by Belgrade University user on 02 September 2020

Figure 9. Critical angle  −  5 for asteroid (102499). Large amplitude
libration with a period of half a million years is clearly visible in the plot.
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Figure 12. Critical angle  −  5 for asteroid (180018). Large amplitude
libration with a period of 535 500 yr dominates in the plot.

the spectral analysis, and confirmed by the fit to the comparatively
short continuous part ∼1 Myr of  f (t) (g = 10.1878 arcsec yr−1 ).
Obviously, for an asteroid so distant in the frequency space from
the exact resonance, one would expect that the critical argument 
−  5 does not librate. However, Fig. 11 shows a complex pattern of
superimposed oscillations with different amplitudes: the oscillation
with the largest amplitude resembles libration with a period of
220 700 yr, only not as dominant as in the previous cases. The
corresponding frequency amounts to g − g5 = 5.8722 arcsec yr−1 ,
yielding proper frequency g = 10.1296 arcsec yr−1 in agreement with
the values reported above. If this is indeed a libration in g − g5
resonance, that would mean that the resonance extends much further
in the frequency space then we may have hitherto assumed.
A possible alternative explanation may be based on a very low
eccentricity of this object (proper eccentricity of 0.032 only), which
could give rise to the so-called ‘paradoxical libration’ (Jupp 1969;
Beaugé & Roig 2001), taking place when forced oscillation has larger
amplitude than the free one.
Brouwer (1951) gives the approximate values of the ‘induced’
(forced) term as a function of the semimajor axis, computed from
a simple analytical theory; for the proper semimajor axis of this
asteroid (a  2.613 au), the forced term is ∼0.033, that is practically
the same as the proper one. The proper eccentricity of this asteroid
is, however, significantly smaller than the average eccentricity of
Jupiter (∼0.045), the main contributor to the forced oscillations,
over the time span of integration. Thus, the libration we see may not
be associated with the structure of a resonance separatrix, but rather
a simple geometrical consequence of the free and forced amplitude
difference (see e.g. fig. 7 in Beaugé & Roig 2001).
Anyway, the important fact to be marked down is another much
larger value of the true frequency g, than its catalogue value used in
the fit.
The results for the following four asteroids are in some sense
redundant: they do not provide any new insight in the problems
under scrutiny, but rather serve as a check to verify the obtained
results and to improve the statistics.
Asteroid (180018) 2003 AU8 . The asteroid (180018) is dynamically quite similar to (102499), thus the results of our analysis are also
similar. The fit to the continuous parts of the  f (t) and the spectral
analysis provided close results, with value of g = 6.6770 arcsec yr−1

consistent also with the libration period. This is again larger than
the catalogue value, but not as much as in some previous cases due
to the fact that only a couple of cycle slips occurred in the −2 Myr
integration time span. Still, the value of the resonant divisor implies
that the critical angle should librate, and this is confirmed by Fig. 12,
where dominant oscillation is a libration with a period of 535 500 yr
(g − g5 = 2.4202 arcsec yr−1 ).
Asteroid (312244) 2007YP42 . Another low eccentricity asteroid
with dynamics similar to its sibling (158725). A good agreement is
found for the frequency g values obtained by the fit and via the
spectral analysis (g = 9.5399 arcsec yr−1 ), giving rise to a large
positive difference between these values and the catalogue value
reported in Table 2. The oscillation of critical argument with period
of 244 050 yr (g − g5 = 5.3104 arcsec yr−1 ) could be either libration
or another case of ‘paradoxical’ libration.
Asteroid (314688) 2006 RX. This asteroid is dynamically similar
to (102499), and the results of our analysis are equally concordant.
Instead of the catalogue value of g = 3.8958arcsec yr−1 , the true
value of frequency g is found to be g = 6.5789 arcsec yr−1 . This
latter value corresponds to g − g5 = 2.3215 arcsec yr−1 , and indeed
we found a large amplitude libration very much alike the one shown
in Fig. 9, just with somewhat longer period of 558 250 yr.
Asteroid (316594) 2011 UL190 . Another (102499)-like asteroid
in terms of dynamics, with the only difference that this one in
−2 Myr integration exhibited instabilities in eccentricity, thus an
extended, 10 Myr, integration had to be done for this objects. The
error in proper eccentricity halved when a longer time span was used
for the computation of proper elements, but the error in g, due to
more cycle slips, doubled. Critical angle of the g − g5 resonance
librates with a period of 527 700 yr, the resonant divisor amounts to
2.4559 arcsec yr−1 and the frequency g itself to 6.7133. The latter
value is practically the same as the results obtained from the fit and
from the spectrum, and again larger than the catalogue value.
2.3 Discussion
In Table 3 we summarize the obtained results by showing the
corrected values of frequencies for the selected asteroids determined
from the period of libration of the critical argument, hence unaffected
by the cycle slip problem, as well as their discrepancies with respect
MNRAS 497, 4921–4936 (2020)
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Figure 11. Critical angle  −  5 for asteroid (158725). The dominant
oscillation has a period of 220 700 yr.
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Table 3. Summary of the results for selected asteroids.
Columns give the asteroid number, a newly determined
rate of the proper longitude of perihelion g, the difference
g with respect to the values given in the catalogue of
asteroid proper elements, and the values gs obtained by
means of the double filtering with decimation 100 (see
Section 3), all in arcsec yr−1 .
g

g

gs

(85395)
(102499)
(158725)
(180018)
(312244)
(314688)
(316594)

6.26049
6.89155
10.12962
6.67757
9.56779
6.57894
6.71334

1.08462
2.40324
4.60622
0.98226
5.56548
2.68311
1.43989

6.00837
6.86593
10.09476
6.65944
9.56464
6.59606
6.70396

to the catalogue values listed in Table 1. It is obvious that the size of
the frequency correction is correlated with eccentricity: the largest
discrepancies are found for the asteroids having least eccentric orbits
because for these the eccentricity, with forced terms removed, often
attains near-zero values. Note also that the corrections for most of the
considered asteroids are about the same as the errors of frequencies
listed in the corresponding AstDyS catalogue; this is again expected
since the errors of synthetic proper elements are derived by the
running box method, some boxes contain cycle slips, some not, and
this gives rise to large differences of individual box values and to
large total errors.
Obviously, just seven corrected values are not enough to repeat
the fitting procedure and get an improved position of the resonance.
Noting, however, that all these corrected values are larger than the
catalogue values, one can expect that the corresponding profiles
shown in Fig. 4, recomputed using the true values of frequencies,
would cross the horizontal g5 line at somewhat higher values of the
inclination. In turn, this would mean that the whole resonance would
be shifted towards the higher inclinations, as required to match the
positions of the selected asteroids shown e.g. in Fig. 3.
In order to test this conjecture, we added to the catalogue values
of the rates of the longitude of perihelia of all asteroids in the high
inclination zone the same correction of 2.68069 arcsec yr−1 , which is
a simple mean of the corrections listed in Table 3. Then we repeated
the polynomial fit, but using this time only the asteroids in even
narrower region in inclination with the lower boundary at sin I =
0.40 to avoid interference with the extremely low eccentricity family
of (10955) Harig.7
In Fig. 13 we show the newly determined position of the g
− g5 resonance. The resonance is noticeably shifted towards the
higher inclinations, and the positions of five asteroids with moderate
proper eccentricity with respect to the resonance contour lines
in the proper elements plane appear to be a bit too low, having
in mind their corrected values listed in Table 3; the two lowest
proper eccentricity objects appear very far below the resonance, at
much lower inclination than even their corrected frequencies would
predict. On the other hand, the newly determined position of the
resonance seems to bound from above the asteroids in the region
7 Applying some more complicated, eccentricity-dependent correction, would

perhaps give us a more reliable result, but the point here is to assess the
qualitative effect, because the truly improved result would anyway require to
recompute frequencies of all asteroids in the high inclination zone by means
of a method which does not suffer from cycle slips, prior to the recomputation
of the polynomial fit.

MNRAS 497, 4921–4936 (2020)

Figure 13. Position of the linear secular resonance g − g5 as computed on
the grid in the proper (a, I) plane, taking into account only high inclination
asteroids in zone 4 (with corrected g frequencies) in computation of the
coefficients of the fitting polynomial. The value of the fixed third coordinate
was e = 0.18. The black dots indicate positions of asteroids with 0.155 < e
< 0.205, while positions of selected asteroids are indicated by asterisks and
labelled with corresponding asteroid numbers.

with eccentricities in the range 0.155 < e < 0.205, that is somewhat
larger or smaller than the median value (e = 0.18) of the objects
with high inclinations. This new position leaves also the resonant
zone nearly void of objects, as one would expect to occur with such
a strong secular resonance. One is tempted to conclude that the
frequency correction was probably too large for the selected objects
with lower eccentricities, and just about right for the other objects,
but this remains to be verified in the future (see Section 4).
Does our analysis resolves the problem of the correct positioning of
the g − g5 resonance? Well, yes and no. Yes, because we showed that,
in principle, by adjusting the polynomial fit to local dynamics we can
find a reasonably accurate resonance position in the space of proper
elements, appropriate for any given asteroid. No, because there is
no single ‘best’ position valid for all or at least most of the high
inclination asteroids in the zone. Depending on the asteroids used in
the fit and on the fixed value of the third proper element, resonance
position changes, so that one can conclude that each asteroid, in a
way, ‘sees its own resonance’. Using a single ‘general’ position of
the g − g5 resonance can give rise to an offset with respect to the
‘best’ position for a given asteroid of up to slightly more than one
degree, and this has to be taken into account in the analysis of the
dynamics of asteroids with high inclination orbits in zone 4, but also
in the main asteroid belt as a whole.
Libration of the critical angle proved, unfortunately, not to be
diagnostic as we have hoped for, since all the selected objects were
found to be in libration, just the dominance of the libration term in
comparison with other secular terms diminished with the distance
from the centre of resonance. This is at odds with the conclusion
of Morbidelli & Henrard (1991b) who found that g − g5 resonance
region must be narrow; to find how far extends the libration zone of
this resonance would require a dedicated search, which we prefer to
leave for the future work.
Let us conclude this section with comparison of the results
regarding the position of the g − g5 resonance obtained in this
paper with the previous work. In Knežević & Milani (2019) we
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3 T H E C Y C L E S L I P P RO B L E M
To understand the cycle slip problem, we first need to explain how
the code for computation of proper elements counts the revolutions
of proper angles.
Using the output of numerical integration with short periodic
variations filtered out, the forced terms are removed from (k,h),
and for each sampled epoch the polar angle is computed in the
(kf , hf ) plane, thus getting the time series of the free longitude
of perihelion f (t) = arctan (hf (t)/kf (t)). The time between two
integration outputs (typically several hundred years) is selected to
be short enough that the secular drift of  f does not exceed half a
revolution from one sampled epoch to the next. Next, bearing in mind
that, depending on the direction in time of the integration and/or of
the orbital elements, longitude of perihelion can be decreasing or
increasing (see Fig. 4), we compare the couples of subsequent values
over the entire integration time span, checking the two conditions
controlling passages through zero: for the decreasing longitude, if
for  f (j) >  f (j − 1) + π , the number of revolutions is decreased
by one, else, for the increasing longitude, if  f (j) <  f (j − 1) − π ,

Figure 14. Secular evolution of the orbit of asteroid (102499) in the
400 000 yr interval of time around the epoch of cycle slip occurrence. The
green circle denotes origin (0,0) of the plot, red cross the position of the (k̄, h̄)
point.

the number of revolutions is increased by one. Of course, if neither
of these conditions is fulfilled, the number of revolutions remains
unchanged. Once each of the values  f (j) has an associated number
of revolutions nr (j) attached, it is straightforward to compute the
continuous function over the time span of the integration as:  f (j) +
2π · nr (j).
The above simple algorithm works well for most asteroids,
except for those for which the monotonous increase/decrease of the
angular variable is modulated by the comparatively large amplitude
oscillations, and the eccentricity in the course of its secular evolution
attains near-zero values.
We shall try in the following to analyse these cases, using again
asteroid (102499) 1999 TD282 as a paradigmatic example. In Fig. 14,
in the (k,h) plane we show 400 000 yr of secular evolution of this
asteroid’s orbit, centred on −800 000 yr close to the epoch of cycle
slip occurrence (Fig. 8). The green cross marks the geometric (0,0)
origin of the coordinates, while the red cross marks the position of
the point (k̄, h̄). The choice of this or that coordinate centre can give
rise to different response in terms of the cycle slips occurrence, as
we show in the following.
The orbital evolution is clearly dominated by the two features:
the low and high modes of the variation of eccentricity (polar
radius in the plot, see also Fig. 7), and the loop-like evolution of
the longitude of perihelion (polar angle) due to several unfiltered
oscillations of similar period, among which the most significant is
the above-mentioned degree 6 term (−g5 + 3g6 − g7 ) with a period
of 16 707 yr. Also to note is that only when eccentricity is in its low
mode, the loops can actually encompass the origin.
Let us next zoom in upon this figure and plot in Fig. 15 just
80 000 yr of orbital evolution in a low eccentricity mode around
the epoch of the cycle slip. Crossing the zero (or 2π ) value of the
longitude of perihelion that triggers counter of revolutions to change
the count, takes, due to secular loop-like evolution, place several
times in this interval of time. If we choose the geometrical centre
(0,0) as origin, we see two crossings from below upwards, and none in
the opposite direction; when going downwards, the longitude passes
through π not giving rise to the counter change. Hence, instead of a
decrease by one of the number of revolutions due to the overall trend
of decrease of the longitude of perihelion because of the propagation
MNRAS 497, 4921–4936 (2020)
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have already compared the newly determined positions of secular
resonances obtained by means of the polynomial fit to determine
the asteroid secular frequencies, with the positions obtained earlier
by us from an analytical theory (Knežević et al. 1991), finding that
both approaches have given ‘qualitatively the same picture’. Here we
would like to pay more attention to the comparison with results of
other authors, in particular with the results by Morbidelli & Henrard
(1991a,b).
There are important differences between the papers of Morbidelli
and Henrard and the present one. The difference which is most
relevant for the intended comparison of the results stems from
the fact that these authors adopted a different definition of proper
elements (either the minimum value of eccentricity and maximum
of inclination over a secular cycle of the argument of perihelion or
vice versa) with respect to ours (values computed by averaging over
the slow angles). This gives rise to an offset of the results plotted in
projection to a selected proper elements plane, but taking this into
account, the results can still be meaningfully compared. Thus, for
example, comparing the position of the g − g5 resonance as given
in Fig. 13 with that in fig. 4 of Morbidelli & Henrard (1991a), one
finds a very good agreement of these positions in the middle of zone
4, even if the former has been obtained for e = 0.18 and the latter
for ex = 0.10 (ex being the minimum value of the eccentricity over
the argument of perihelion cycle). Inspecting, on the other hand, our
Fig. 7, it appears that the difference of 0.08 between the minimum
and an average eccentricity for the objects of high orbital inclination
is entirely feasible. Although this single result cannot be taken as a
proof of generally concordant results, it still can be considered as
fairly indicative of such a conjecture.
A similar conclusion can be arrived at when comparing our result
with the results given in fig. 9(a) of Morbidelli & Henrard (1991b),
which is also computed for the minimum eccentricity of 0.10, in
particular with the results obtained from versions of their theory
accounting for the quadratic term in masses up to a second degree
in inclination or not taking the quadratic term into account at all.
Somewhat larger discrepancy found for the version considering also
terms of degree four in inclination is probably due to the high
sensitivity of the results on the degree of the truncation of the series
used to compute the quadratic term in the masses, which, as correctly
pointed out by Morbidelli and Henrard, therefore cannot be reliably
estimated.
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Figure 16. Time series of  f of asteroid 102499, obtained as polar angle
from (kf , hf ), but with respect to the coordinate centre in the mean (k̄, h̄) point.
The cycle slips occur at the epochs t  −800000 yr and t  −1.85 × 106 yr.

of orbit into the past, we get the increase by two of the number of
revolutions. If to this we add the observation that almost the entire
following loop (plotted with magenta points) takes place in the fourth
quadrant, that is with values of the polar angle close to 2π , we end up
with a total change due to the cycle slips of nearly 6π or ∼18 − 19
radians, exactly as observed in Fig. 8.
If, however, we consider the point (k̄, h̄) as centre, we have
somewhat different situation, with a couple of downward zero
crossings (passing between the red cross and the green circle, the
first one when moving from left to right and the other from right
to left), and a couple of the above-mentioned upward ones, which
compensate each other’s count change; the number of revolutions
remains as before, even if decrease by one revolution should have
taken place since overall the longitude passed from the first to the
fourth quadrant. The change due to the cycle slips amounts to 2π
MNRAS 497, 4921–4936 (2020)

Figure 17. Secular evolution of the longitude of perihelion,  f in radians,
of asteroid (102499) over 200 000 yr, in the interval of time around the epoch
of cycle slip occurrence.

(∼6 radians), as shown in Fig. 16. In other words, regardless of the
choice of the centre of variation, we are faced with the cycle slip
problem, but the occurrence and the distribution of slips can be very
different. Thus, in Fig. 16 we observe the occurrence of the cycle
slip at t  −1.85 × 106 yr which does not take place in Fig. 8 even if
the eccentricity also in that case attains near-zero values (see Fig. 7),
which corroborates our previous statement on the sensitivity of the
cycle slip phenomenon on the changes in the secular variations of
 f.
In conclusion, it is this looping around the centre due to unfiltered
secular evolution of the orbit, taking place when the eccentricity is
small, that gives rise to the cycle slips, and not, for example, a small
eccentricity which makes the longitude of perihelion undetermined,
as one could have also assumed. The fast and large changes of  f
indeed occur when eccentricity is small, but it is just a geometrical
consequence of the passage close to the origin.
Another view of the same effect can be obtained from Fig. 17
in which the variation of  f is given as a function of time for two
hundred thousand years, again centred around the epoch of cycle
slips. A generally decreasing trend of the angle, modulated by the
unfiltered secular oscillation, is abruptly interrupted once the looping
around the centre begins, twice the longitude of perihelion quickly
reaches 2π , the revolution counter is increased by two, the third time
longitude barely misses to reach 2π , the counter does not change,
after which the previous regular trend resumes and the revolution
counter continues to work as envisaged. Also, the first ascend to 2π
is steeper than the second one, as expected from comparison of the
size of two loops plotted with solid line in Fig. 15.
The question is whether there is the way to overcome the problem
of cycle slips and get reliable frequencies. A one-by-one removal of
additional lines, as with forced perturbing terms, in most cases just
shifts the problem to other epochs since eccentricity simply reaches
near zero values at different time. On top of that, we cannot know
which spectral lines to remove for which asteroid, and to remove
all secular effects in such a way is difficult and not applicable in
practice.
There is, however, another possibility already available in our
arsenal, and that is an a-posteriori smoothing of the  f time series. It
is basically an analogous procedure to the on-line filtering to remove
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Figure 15. Secular evolution of the orbit of asteroid (102499) in the 80 000 yr
interval of time around the epoch of cycle slip occurrence. The time count
begins from the point labelled as ‘start’, and the evolution is represented with
the dotted magenta curve. The black solid line is used for the portion where
crossings of the zero value of the longitude of perihelion take place. The green
circle denotes origin (0,0) of the plot, red cross the position of the (k̄, h̄) point.
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This also witnesses of the successful application of the improved
method.
4 CONCLUSIONS AND FUTURE WORK
Motivated by the observation reported in the paper of Knežević &
Milani (2019) that g − g5 linear secular resonance with Jupiter
apparently does not produce a visible gap in the distribution of
asteroids in the high inclination region of the phase space of proper
elements, in this paper we performed a thorough analysis of the
possible reasons for such a puzzling feature. We investigated a
possibility that the position of the resonance, as determined by
the new method introduced in the same paper and based on the
polynomial fit to the known asteroid frequencies, is wrong. For
this purpose we selected a group of presumably resonant asteroids
with accurately determined proper inclinations and simply looked
whether these exhibit libration of the critical angle  −  5
or not.
Before that, however, we performed an analysis of the sensitivity
of position of the resonance with respect to the two important choices
involved with the method: that of the asteroids used in the fit, and
that of the third, fixed coordinate (proper eccentricity in our case)
used for the representation of resonance position. In Figs 2 and 3 of
Section 2.1 we demonstrated that both these choices can affect the
resulting resonance position and shift it by a certain amount. In both
cases, however, some of the selected asteroids appeared to be in the
resonance, some not, and in this respect the results turned out to be
inconclusive.
Next we presented a detailed analysis of the dynamics in the high
inclination region of the considered part (zone 4) of the asteroid
Main Belt, and of the resonant state of all selected asteroids, with
special emphasis to the asteroid (102499) 1999 TD282 , which turned
out to be particularly suitable for the purpose. By recomputing the
synthetic proper elements of selected asteroids, we first verified that
the resulting elements are indeed very close to the ones included
in the asteroid proper elements catalogue and computed earlier
using orbital elements for a different osculating epoch. This test
actually demonstrated that even for the asteroids with extremely
high inclination orbits and propagated from fairly different epochs
(i.e. with a different initial conditions) the synthetic method of
computation of proper elements furnishes reliable results; the only
exception were the frequencies of the longitude of perihelion g,
for which substantial discrepancies were found between the two
computations.
Among the results which followed from the analysis of the
resonant state of individual selected asteroids, the most important
ones were the libration of the critical angle  −  5 found for
each of them regardless of the distance in frequency space from the
exact resonance, and the concordant corrected values of frequency g
obtained from the period of libration determined by spectral analysis
and from the fit to continuous parts of the function  f (t). The former
result is interpreted as indicative of the much larger width of the
resonance in the frequency space than previously assumed, which
is, however, at odds with previous analyses of the dynamics in this
resonance. The latter results revealed significant, and in some cases,
very large, discrepancies between the newly determined accurate
and the wrong catalogue frequencies. These discrepancies were
next used to attempt another determination of the position of the
resonance, this time by using for the fit the catalogue frequencies
of all high inclination asteroids in the considered zone corrected by
an amount equal to the average discrepancy between accurate and
catalogue values for the analysed asteroids. Even if the result of this
MNRAS 497, 4921–4936 (2020)
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the short-periodic perturbations, which we are already applying
in computation of synthetic proper elements in the course of the
numerical integration of orbits. Such an additional filtering, with an
appropriate choice of the filter, gives rise to a much more regular
variation of the longitude of perihelion, suitable for the linear
fit producing the accurate frequencies. Note that a similar double
filtering method has been successfully implemented in computation
of resonant proper elements for Astraea family (Milani et al.
2017).
In more detail, we start from the output of numerical integration
filtered on-line to remove short periodic perturbations with periods
up to 300 yr (Knežević & Milani 2000). This is achieved by using
filter with decimation 100, which means that, in the case of −2 Myr
integrations, the input sampling frequency is one point every 2 yr,
while the output frequency is one point every 200 yr. The dark band
of the filter is for the periods below 300 yr, the pass band for
periods above 720 yr. The filter performs a weighted mean on
1101 consecutive data points, and the short periodic perturbations
are removed from the resulting filtered output with their spectral
lines being decreased in amplitude by a factor >10 000. For the
integrations covering 10 Myr, we have one input point every 5 yr,
and the output every 500 yr. The dark band is for periods up to
750 yr, the pass band is above 1800 yr.
Filtering again these data with decimation 100, we get an output
every 20 000 yr (50 000 yr), and the oscillations with periods up to
30 000 yr (75 000 yr) removed. The caveat is that this second filtering
can be applied only to asteroids with a period of the proper component
of the longitude of perihelion secular variation longer than these
upper bounds (i.e. with corresponding frequency small enough) to
preserve it as part of the useful signal. As shown in Fig. 4 this is
indeed the case for all high inclination asteroids, that is, exactly for
those for which we need to improve the frequencies by avoiding the
cycle slips. Alternatively, for the second filtering one can use a filter
with lower decimation (see Carpino, Milani & Nobili 1987 for the
optimal filters theory).
The results which we obtained for the seven selected asteroids,
considered above, are presented in Fig. 18. The control results for
asteroids (1) Ceres and (3) Juno, with moderately inclined orbits and
thus not affected by the cycle slip problem, are given in Fig. 19;
note that, therefore, in the latter plots the longitudes are not doubly
filtered.
As one can easily infer by comparing the left-hand side and righthand side panels in Fig. 18, the numerous cycle slips present in
the left-hand side plots almost all vanished from the corresponding
right-hand side plots, thus witnessing of the successful application
of the filtering procedure. The only exception is found with the
anyway problematic asteroid (85395), for which one can still see a
couple of minor slips at epochs ∼7.2 and ∼8.5 Myr; yet these minor
disturbances do not affect the smooth linear trend of the resulting
longitude of perihelion too much, thus also the frequencies obtained
from the fit to the entire 10 Myr interval and to the interval of the first
5 Myr, not affected by cycle slips, are not very different (6.00837 and
6.17455 arcsec yr−1 , respectively).
As for the control plots, they only demonstrate that in absence
of the extreme circumstances, the method to compute the proper
frequencies works well without any special provisions.
In the last column of Table 3, the frequencies obtained by double
filtering with decimation 100 are given for comparison with the
values obtained from the libration periods, given in the second column. Obviously, the values are in good agreement, exhibiting much
smaller differences with respect to each other than the differences
with respect to the catalogue values reported in the third column.
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Figure 18. Time series of the longitudes of perihelia for the seven selected high inclination asteroids. Numerous cycle slips are visible in the left-hand panels
showing longitudes of perihelia as computed by the synthetic proper elements theory. The right-hand panels present the same longitudes after smoothing by
means of the appropriate filter: almost all cycle slips vanished except for two minor slips with asteroid (85395). (Figure continued on the next page).

exercise was not entirely satisfactory, it nevertheless points out the
need to recompute the frequencies of all asteroids with high orbital
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inclinations in order to get the best resonance position. In the same
time, from these analyses a main culprit for erroneous catalogue

Position of the g − g5 secular resonance
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frequencies was identified as due to cycle slips – backward jumps
by 360 deg due to a wrong counting of the number of revolutions
of  f when orbit is passing too close to the origin in the k, h
plane.
In the final part of our analysis we presented results pertaining
to the cycle slip problem. We have first shown that it is the looping
of orbit due to the unfiltered secular variations of the longitude of
perihelion around the centre of the projection of the orbit to the
(k,h) plane, that gives rise to the cycle slips taking place when the
eccentricity is low. We also proposed a remedy for most affected
asteroids in terms of the smoothing of the time series of hf and kf
by using an appropriate filter which removes secular variations with
periods of up to 30 000 yr. For six out of seven considered asteroids,
we succeeded in completely removing the parasitic oscillations and
derive frequencies from the fit to the doubly filtered  f series in very
good agreement with those derived by means of the spectral analysis

of the libration periods. In one case (asteroid (85395)) we can still
see a couple of isolated cycle slips, but these appear to have much
smaller effect on the time series fit; thus also the frequency obtained
for this asteroid, even if not exact, proved to be more accurate than
that available before.
Let us conclude the paper with a short overview of the possibilities
for a future work. As regards the further improvement of the
position of the resonance, there are at least two obvious possibilities:
one pertains to a presumably more accurate computation of the
polynomial fit to the catalogue frequencies by adding some higher
degree monomials to the fitting polynomial, and the other to the recomputation of the fit by using the newly determined frequencies
for all the high inclination asteroids to be computed by applying the
double filtering. The former possibility is quite simple to apply, but it
does not guarantee the improvement we expect: from the tests of the
polynomial method we performed in different zones of the asteroid
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Figure 18 – continued
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Main Belt (Knežević & Milani 2019) we learned that inclusion of the
higher degree terms in the fit (6th degree terms in these cases) does
not always deliver improved results, and that it is sometimes better or
simply enough to use a lower degree polynomial (up to 4th degree in
these cases). As regards the other possibility, it is clearly much more
demanding to apply. It first requires the necessary changes of the
synthetic proper elements software to be introduced and tested; also,
before redoing all the integrations of the orbits and the subsequent
computations of synthetic proper elements and frequencies, one has
to decide on the criteria to be used in selection of asteroids for which
the double filtering would eventually be applied (e.g. high orbital
inclinations and/or low or negative frequencies, large errors of the
catalogue frequencies).
Another interesting problem to address in the future work is the
one that emerged just in the present analysis, that of assessing the
width of the resonance as inferred from the analysis of the resonant
state of neighbouring asteroids.
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Figure 19. Time series of the proper longitudes of perihelia for asteroids (1) Ceres (left-hand panel) and (3) Juno (right-hand panel) computed from the synthetic
proper elements theory and given here for the purpose of comparison with high inclination objects.

